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Unit 1: Language of Algebra

What is Algebra?

Algebra is two things: a convenient language for expressing patterns and relationships you know,

and a logical system for figuring out things that you don’t know yet. In this unit, you will learn to
describe mathematical relationships and patterns with pictures, English, and algebraic symbols.

You will also learn to use your own logical thinking to work out the values of numbers you don’t
know. Puzzles will be an important part of this work because puzzles are perfect examples of many
mathematical ways of thinking. The goal is for you to take the logical thinking you already have and

learn how to express that thinking in the language of algebra.

Lessons in this Unit:
1: Exploring Number Magic Tricks
2: Creating Number Magic Tricks
3: Balancing Mobile Puzzles

to
4: Describing Tricks and Puzzles . Solve Puzzjeg
5: What Else Can We Do? tke these, .
Words Example Pictures

YOU wi]] Ieam

® -6

Descriptions of Pictures

Abbreviation

Think of a number. b | |

a bucket

b

Multiply by 2. |12 | A |

Z buckets

Add 4. wWw:.

Z buckets and 4

Zb + 4

Divide by 2. 8 w:

b+ 2

Subtract your original number. 2

2

Algebraic Habits of Mind: Puzzling

The problems we encounter in the “real world” (our family life, work, personal issues, etc.) don’t ask us
what chapter we’ve just studied. They usually don’t tell us what we need to do. They don’t always tell us
what question to answer. And they almost never tell us where to begin. They just happen. To succeed, we

must figure out what we know, what question to ask, what else we might need to know, and where to start.

Use these materials to learn math through puzzles and logic problems that take the same approach.

Learn to ask yourself:

» What questions can I ask about this situation or information?

» How can I change this problem into an easier problem? Will that help me with this harder one?

» What clues do I have? What other information do I need?
* How can I find that information from what I already know?

Copyright © 2011 by Education Development Center, Inc. DRAFT




1-1 Exploring Number Magic Tricks

@ Words

Pictures Ian Maria Jacob
Think of a number. | | 4 0
Adds. Wi i
Multiply by 2. iii:g: 14
Subtract 2. |12
Divide by 2.
Subtract your original number.
S N
NN
Thinking out Loud $T o Q’
InKing out Lou S Q sides: ﬁ
Michael, Lena, and Jay are working on problem #1. :

Michael: How can we subtract Jacob’s original number?! We don’t know his original number!
Lena: Well, the table says that Jacob got 14 when the picture was i i = : : o (2 buckets and 10).
So 2 buckets plus 10 is 14. (Lena draws i i o : : o= 14 on the board.)

I can “see” 10 of Jacob’s 14, so the remaining 4 must be split between those two buckets.

(Lena removes 10 from each side: i i X =4.)

Michael: Oh! So i i =4 and Jacob’s original number must have been 2!

Pausing to Think 1t W W S22 . = 14, how do they know that \j W = 4?

Jay: I found Jacob’s number differently! I went backwards. He got 14 after multiplying by 2, so...
Michael: He must have been thinking of the number 7!

Jay: Yeah, so [ wrote that. And then he got that 7 by adding 5 to his original number.

Michael: So, either way he started with 2!

@ If Carla got 22 when the picture was i i E E E what was her original number ( i )?

@

® 1f W W =16, what is | ? @ 1f WWee=18, whatis | ?

2 DRAFT Unit 1: Language of Algebra



Fill in the empty boxes in this Think-of-a-Number trick table.

@ Words Pictures Kayla Raj Ben
Think of a number. | | 7
Multiply by 2. 18
Add 4. 64
Divide by 2. 32
Subtract your original number.

©® It WWWes= 16, whatis W ? @ 1t W WeE= 18, whatis | ?

Some parts of this trick are missing. You have enough clues to figure them out. Fill in all the missing parts.

Words Pictures Jing  Ben Ian
Think of a number. i
Multiply by 6. 18
Add 8. 26 50 | (8

13 | Z5

vuw 30

Divide by 3. 10

@ It WWWWEE=34, then W = . @ If W W 22=50, then W = .

Find the pattern in the table below. Draw what the trickster was picturing and find the results and starting numbers.

7 15 101 39 99 0 -|

o g

9 7 | 103 3 1 0 3

N | —

A

@ If you were playing this trick on someone, what instruction would you give after “Think of a number?”

Lesson 1: Exploring Number Magic Tricks DRAFT



Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

@ Words Pictures Imani Raj Eva

Think of a number. i oval: = 2

. Sides:
Add 2. | B botton, g 4 |12

Multiply by 3. 36

Subtract your original number. 20

||

Subtract your original number. 3

000
QN
S

If Malika also got 10 when the picture was i E , what was her original number ( i )?
© 1f W W W =27, what is \f ? ®© 1f Wee=21, whatis | ?

@ Words Pictures Mali Asher Luis

|

Think of a number.

Add 6. |4 9 21
ww:sss 42
ww::s: 26 40
13 20
Subtract your original number. 5

@ If Brandon got 15 when the picture was i i 2 2, what was his original number ( i )?

Find the pattern in the table below. Draw what the trickster was picturing and find the results and starting numbers.

© v 1 7 6 3 13 93 -1 0.5
8 14 13 77 7

A 3

N

@ If you were playing this trick on someone, what instruction would you give after “Think of a number?”

4 DRAFT Unit 1: Language of Algebra



1-2 Creating Number Magic Tricks

Create your own trick that always results in the number 9. Have two other students try it and write their answers here.

@ Words Pictures

Think...

You don’t have to use all the rows.
“SAOI A} [[€ SN 0} SARY] },UOP NOX

(@ Maria thought of the number 2. After one step, she got 8. Algebraic Habits of Mind:

Name two ways she could have gotten to 8. ..
Communicating Clearly

Communicating your ideas clearly - in
writing, speech, or mathematics - not
only helps you get more credit for your

(® Hiroshi thought of the number 5. After fwo steps, he had work, but also helps you learn. When
11. Name ways that could have happened. you communicate clearly, other people

understand you better and can offer better
suggestions to improve your thinking
and strategies.

@ Ifiszsss,theni: . @ Ifiii::%,theni: .
@ Q0 +11=35then = . @DIFO®+1=@+3 then = :

Discussing Together

What number can i represent so that the statement “ [\ 88 = i i o will be true?

Lesson 2: Creating Number Magic Tricks DRAFT



Discussing Together

. . ®o0 ®oe
How many different numbers can the i represent in the statement i =5 i ==Y

® e @
How many different numbers can the i represent in the statement i =5 i s?

In each of these problems a dot (e ) = 1.
@ This mobile only balances when the buckets represent

This mobile always balances. Why? a certain number. What number makes it balance?

This mobile never balances no matter what number @ Does this mobile balance sometimes, always, or never?
the bucket represents. Why?

If sometimes, when?

=

@ Create an equation or mobile that can never balance.
@ Draw a mobile that always balances.

@Howmany‘ina'? .

Draw something that only balances when i =3.

Find the pattern in the table below. Draw the missing step and find the other numbers.

7 12 9 14 14.5 0

w3 4 9 25 30 29 0

A 3

N

@ If you were playing this trick on someone, what instruction would you give after “Think of a number?”

6 DRAFT Unit 1: Language of Algebra



Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

@ Create your own trick that always results in the number 4. Have two people do the trick with different numbers.

\

Words Pictures

Think... | |

You don’t have to use all the rows.
"SAOI A} [[€ SN 0} DABY },UOP NOX

Ifisg=ii.,theni= . @ Ifi§=§,theni= .
© If YYP=14,then Y= . O IfO®®=15then®= .

@ Kayla is thinking of a number. If she doubles her number, the answer is 22. What was her original number?

© If @+4=50,then @= , @ 1f 45— 6, then % . What mjpny,q
3 equals 69

@
@ What number can i represent so that the statement “ { 8 = i i 2o will be true?

Find the pattern in the table below. Draw the missing step and find the other numbers.

O ¢

11 8.5 19 14 24 8 6

4 16 | 12 27 0 7

AN

® If you were playing this trick on someone, what instruction would you give after “Think of a number?”

Lesson 2: Creating Number Magic Tricks DRAFT



1-3 Balancing Mobile Puzzles

Thinking out Loud

What number can i represent so that the statement “ { 88 = i i o~ will be true?

Lena: I never thought about it before, but that statement uses an equals sign even though the
two sides don’t look the same!
Jay: They aren’t the same, but they do have the same value.
Michael: That’s why it says “equals.” So the questions is, when do they have the same value?
When will it be true?
Lena: Let’s see what has to be in a bucket for the two amounts to be the same. To find out what one
bucket represents, we can remove the matching stuff on both sides until only one bucket is left.
Jay: So, we can remove the matching buckets. (Jay crosses out two buckets: i ee = i i o)
That leaves us with 22 = i o and we remove the matching ones. (Lena draws gy = i x)

Michael: So i 3. That makes sense! If i 3, then i 28=7and i i o = 7. So they’re equal!

Discussing Together

If i =2, would the statement “ { 88 = i i o~ be true? Why or why not?

Thinking out Loud
What number can i represent so that the statement “ 28 = i i o~ will be true?

Jay: When I did it, I started in a completely different way! [ knew that 1 bucket plus 4 is the same
number as 2 buckets plus 1. So, I pictured them balancing on a mobile.
Michael: Oh, and because they’re equal, the two sides have to balance!
Jay: Yeah! We can imagine the buckets and ones hanging from the strings.
Just like before, the bucket holds my original number, but we can’t see
inside. Anyway, I saw that the top of each side is a bucket and the bottoms
both have ones, so the middles have to match up too! } —>
Michael: I get it! To make it balance, that bucket on the right has to weigh the

same as the 3 ones on the left. That’s how the chunks of stuff match up!

8 DRAFT Unit 1: Language of Algebra



Algebraic Habits of Mind: Using Structure

Jay looks at the mobile and sees that a whole chunk of the left side matches

with one piece on the right side. This way of thinking can often make problems

simpler to solve.

Every beam in these mobiles is balanced. Find the missing weights.

o

N (7

=1 W-___ 8- 4= .- * =3
- AN -
¢ Ve 7 8 ‘o B 8
® i_ ® l — . |[® L
6=4 O- -1 @-= ®=6 k=
- AN -
g N
@ 24 Total weight of mobile 44 Total weight of mobile
3 | 12 |
l P
-1 @- v- v- o- ‘=2
- o\
g N
@ L Find the total weight 40
| |
®-6 &= °- & .-
- o\
Lesson 3: Balancing Mobile Puzzles DRAFT




Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

g N N N
® ©
=6 ¢- L ®-¢ 3% = ) \\Create your own mobile puzzle.
g N
@ 80 Total weight of mobile @ 120 ) < Total weight of mobile
| |
*=___ ®=__  O=__ ®-15 k- &=
g g
@ 28 @ 64
| |
=1 O= ®- ®-38 »_
g s
® ® 7
l |
o=1 _ - _ _ _
g - &-_ e * . )
10 DRAFT Unit 1: Language of Algebra



1-4 Describing Tricks and Puzzles

Remember this trick? Draw and describe the pictures, and abbreviate your descriptions.

@ Words Pictures Description of Pictures Abbreviation
Think of a number. i a bucket b
Add5. ws: a bucket and 5 b+5
Multiply by 2. 2b+10
Subtract 2. i i ecee
Divide by 2.

Subtract your original number.

Discussing Together
Jessica is thinking of a number. She adds sometl%ing to it. The sum is Try 4 o -
the number she just added. What was her starting number? Why? ers

Luis is thinking of a number. He multiplies it by something. The

to
test your deas

product is the number he just multiplied by. What was his starting number? Why?

@ What was Jessica’s starting number?

@ What was Luis’s starting number?

Show 3 examples of adding something to her number.

Show 3 examples of multiplying it by something.

Some parts of this trick are missing. You have enough clues to figure them out. Fill in all the missing parts.

@ Words Pictures Description of Pictures = Abbreviation
Think of a number. i a bucket
w: b+2
Multiply by 3.
2b+6
Divide by 2.
3

Lesson 4: Describing Tricks and Puzzles
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Find the pattern to complete the table below.

® 1

| | 4 7 9 100 0 5

A | |4 20 2000 2b
@ These two mobiles mean the same thing. Solve them both.
I I
I I
2h + 5s 3h+2s
> X% =<

=1 v- s=1 h=

@ These two mobiles also mean the same thing. Complete the second one, and solve them both.

|
I I
2s + o

=1 @- s=1 p=____
This equation describes the first mobile. Write an equation that describes the second mobile.

2h+5s=3h+2s

Translate these two equations into algebraic notation. Use ¢ for * and d for ..

@ $pPbri=8+11 @ 6666+3=666+3
2c + 4= =

@ Represent this equation using pictures: @ What is the value of ¢ in the equation above?
2b+5=b+9

12 DRAFT Unit 1: Language of Algebra



Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

@ Some parts of this trick are missing. You have enough clues to figure them out. Fill in all the missing parts.

Words Pictures Description of Pictures Abbreviation
Think of a number. a bucket b
w:e. a bucket and 4
2b+8
Subtract 6.
b+1
°
We can use 5, for ‘Number.’
a7 s |3 0 10| 100 —
20 | 35 | 25 55 40 5 on
@ 6 4 11 5 8 3 n
42 | 28 | 17 0o | 4 | 7 63

Translate these two equations into algebraic notation. Use ¢ for 4 and x for @ .

© OO 1-00+4
3d -1 =

@ Represent this equation using pictures:

4b +3 =2b+ 11

You can draw anything for p
Or just use 3 bucket: — i @

® 0000 -3-000-38

@© If W +7=20, then \W = .

®) If b+7=20,thenb=

Lesson 4: Describing Tricks and Puzzles
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1-5 What Else Can We Do?

@ Do these two number tricks give the same result? Draw pictures or write abbreviations if you like.

Trick #1 Trick #2
Think of a number. Think of a number.
Add 4. Multiply by 2.
Multiply by 2. Add 4.
Subtract 2. Subtract 2.
Divide by 2. Divide by 2.
Subtract your original number. Subtract your original number.
So, do they give the same result?  Why?

Arrange the steps below to create a trick that always results in the number you started with. Test your trick with four
starting numbers, and write abbreviations for the pictures you would draw.

Add12.  Divideby2. ~ Multiplyby2. = Subtract6.
@ Words Test1 Test2 Test3 Testd Abbreviation
Think of a number. b

How does this trick work? How can you be sure that the trick a/ways results in the original number?

S
9
¢ .

1 stands for numbe

3 11 5 202 1 10 n
L | ZZ | 10 | 404 | 30 0
g 23 [ 3| 101 13 2n+1

14 DRAFT Unit 1: Language of Algebra



@ Imani is describing her work on this problem, but parts of her answer are missing. Can you figure out what she did?

What number can i represent so that the statement “ i i i E e= i i E E e 7 is true?

First, I rewrote the Problem in agebra like this: 3b + 5 = 2b +

Then, L imagined crossing out _ buckets on each side so one side had none.
So I wrote: b + 5 =

Next, L imagined crossing ouf
Finally, I could see that the bucket alwa\/s has 1o be .

@ Which of the following is a proper move that will always keep the mobile balanced?

[ ® © )

Explain how you know.

Solve these equations. Discussing Together

® If W+ 1=\ +6, then | = :

Brandon has created a puzzle for the class. He

says that both of these first two mobiles balance:

@) If 2b+1=b+6,thenb=

It 3b =33, then b= Then he asks if this third mobile balances too.

@ If WW+2=+5, then W= .

If 26+2=5b+5,thenb =

Does it? Why or why not?

Lesson 5: What Else Can We Do? DRAFT 15



Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

Find the pattern in the table below. Draw what the trickster was picturing and find the results and starting numbers.

®

2 4 8

4 | 28 | 56 | 21

63 0

35

If you were playing the trick above on someone, what instruction would you give after “Think of a number?”

24 Total weight of mobile

®

Solve these equations.
™ q

© It WW~+7=-W+10, then W= .

(® If 2b+7=b+10,then b=

® I WWW+1=W~+11, then W = :

Y= B v-_
) © If 3b+1=h+11,then b=

9 101 7 3 | | | n

I 103 9 25 3 1 o
33 | 309 | 27 A n+6

Find all of the missing parts of this Think-of-a-Number trick.
Words Pictures Eva Abbreviation
Think of a number. i
Add 8. 32 4p + 8
8 b+ 2

Subtract your original number.

16

DRAFT
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Unit Additional Practice Problems

This page looks like the unit exam.

Some parts of this trick are missing. Use it to help you prepare.
You have enough clues to figure them out. Fill in all the missing parts.

@ Words

Pictures Eva Abbreviation
Think of a number. | | b
W
@ e
Multiply by 2.
ww:: 20 b+ 6
b+ 3
Subtract your original number. 3
®e f \
@ If i 222=49, then i - @ 36 Total weight of mobile

PQIre@+25-@@+15 then @= . r?

@ It MM ®=21,then @ = .

®) Ifb-6=>5,thenb= . \’:— o= &-_ )
@ s | 18 | 21 | 47 | 3 v n
9 18 | 21 | Z4 36
8 | 36 | 412 | 48 60 2 +6
Represent this equation using pictures. Translate this equation into algebra. Let Y& = s.
(® 4b+5=3b+7 ® k h-8=Kh+6
2s - =

Mali is thinking of a number. If she multiplies her number by 7, the answer is 42.
What was his original number?

Additional Practice DRAFT 17



Unit 2: Geography
of the Number Line

_ 1
[ am halfway between -% and —i. Where am 1?7 _ 2
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Unit 2: Geography of the Number Line

Lessons in this Unit: I am less than -4. Wheream I? X < -4
1: Where Do Negatives Live? < o f t f
2: Numbers between Numbers Jou will lear 8 0 4
3: Where Am I? Number Puzzles o solve puzz\es L 1L [ | B
4: Zooming in Differently - hese 3
5 Shlithfibays ke Dotaliae s \ike ¢ I'am 7 of the way from 1 to 9. Where am I?
6: Ordering Logically <1 : = o s
7: Revenge of the Where Am [? Number Puzzles 1 9

Algebraic Habits of Mind: Using Structure

In school so far, you may have been taught “rules” to use as you solve arithmetic problems. In algebra, you will
learn more about how numbers and operations are organized so that you can use your common sense more and
not depend on so many rules. One important structure is the number line which is how numbers are organized.

Mathematicians picture numbers as “addresses” on a line, organized like this:

< 1 1 1 1 1 1 1 1 1 1 1 1 1 ] Il ] Il ] Il
o~ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

6 5 4 3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12

\4

This kind of image lets you figure out easily how far -6 is from 10 and see that 2 is exactly halfway in between.

It also lets you see how the structure of the number line is really the same if we zoom in or out with decimals:

< 1 1 1 1 1 1 1 1 1 1 Il ] Il ] Il 1 1 1 1 ~
o~ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 -

-60 -50 -40 -30 -20 -10 0 10 20 30 40 50 60 70 80 90 100 110 120

1 1 I >~
T + —

-0.6 -0.5-04-03-02-0.1 0 0.1 02 03 04 05 06 0.7 0.8 09 1 1.1 1.2

<
<

You can also see that it’s even the same kind of structure when we break up the number line with fractions.:

< I 1 1 1 1 ' ' ' 1 I >~
= + + + T + + + T T —>

3 2 1 1
5 5 5 0 5

(Z21138]

3
5

(1N
—
—

(V1

The number line can also help with operations. By looking at where numbers are, you can see why you need to

use addition to figure out how far -18 is from 53, but subtraction to figure out how far 4 is from 72.

18 53 68
f—Hlf — — e — —

-18 0 53 0 4 72

\4

1 L <
1 1 T = ~

A

Thinking about the structure of the number line is a very useful tool in algebra.

Copyright © 2011 by Education Development Center, Inc. DRAFT



2-1 Where Do Negatives Live?

@ What is the next number in this pattern? 11,8, 5, 2, Try imagining a number line.

Thinking out Loud

Michael , Lena, and Jay are working on problem #1.

Michael: ! Is it a negative or a fraction? Maybe it’s a decimal. Something’s got to change...

Lena: Yeah, something’s going to change. The numbers go down by 3, so it will be 2 minus 3?
Pausing to Think What does Lena mean by “the numbers go down by 3?”
Jay: I pictured it on a number line. (Jay draws a number line and marks 11, 8, 5, and then 2.)
t } t } t } t } t } t } t }
Z 5 8 [

Then I counted down 3 more and got to...
Michael: Oh, [ know! 1, 0, -1. You got to -1. We subtracted three so many times we went below zero!

(Michael fills in a few more numbers on the number line to show how he got to -1.)

-1 0 l 2 5 8 [

@ Finish labeling this number line to help you answer the problems below.

-6 0 3

@ What are the next three numbers in this pattern? 9, 7, 5, 3, , ,

@ What is the next number in this pattern? 10, 6, 2, @ What is the distance between -2 and 3?

Some number lines go up by 1 each time; some go up by 2 or something else, but all number lines

go up by their own same amount each time. Like rulers, they each have their own scale.

@ This number line has a different scale. Finish labeling it.

2 DRAFT Unit 2: Geography of the Number Line



@ This number line has yet another scale. Finish labeling it to help you answer the problems below.

-45 0 10
What are the missing numbers in this pattern? 15, 5, ,-15, , ,-45
@ What are the missing numbers in this pattern? 30, , 0, , ,-45

Where am I? Label these number lines using the clues. Keep an eye out for different scales!

@9 Clue: I1am?2 x =2 @ Clue: 1am not 8 X # 8
; t ; ¢ t < t O t —>>
0 2 4 12
@ Clue: I am greater than 3 x >3 @ Clue: I am less than or equal to 5 x <5
t © t t —> < t t ¢ t
0 12 0

Dark lines and filled circles (®) mark numbers that make the statement true. They are solutions.

Light lines and empty circles (0) mark numbers that make the statement false. They are not solutions.

Where am I? Mark all possible solutions on each number line and complete the algebraic expression that describes them.

Clue: I am not -4 X # @ Clue: I am less than 100 X 100

-5 -4 -3 -2 -1 -50 0 50 100 150

How did you decide what kind of circle to draw: empty or filled?

Discussing Together . _ . .
How did you decide which symbols to write: =, #, <, >, <, or >?

Clue: I am greater than or equal to 2 « 7 @ Clue: I am greater than -20
x 14 X
t t ; ; ; ; ; ; ; t

0 7 14 21 28 -40 -20 0 20 40

You can use the number lines above to answer these questions.

@ What is the distance between 0 and 21? @ What number is halfway between 0 and 20?

@ What is the distance between 7 and 28? @ What number is halfway between -20 and 407

Lesson 1: Where Do Negatives Live? DRAFT 3



Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

@ Finish labeling this number line and use it to answer the problems below.

0 10

What are the next three numbers in this pattern? 20, 16, 12, 8,

2 2

@ What are the missing numbers in this pattern? 12, 10, 8§, .4, s s , -4,

@ What number is halfway between -4 and 10? @ What is the distance between -6 and 4?

@ Finish labeling this number line. Notice the different scale.

-450 -350 100

@ What number is halfway between -350 and -50? @ What is the distance between -350 and 150?

Where am I? Label these number lines using the clues. Keep an eye out for different scales!

@ Clue: [ am not 11 X # I @ Clue: I am less than or equal to 15 X < 15
<0 t t $ —> < t 4 I ;
13 15 -15 30

Numbers with a ® make the statement true. Numbers with a © make the statement false.

Where am 1? Mark all possible solutions on each number line and write an algebraic expression to describe them.

® Clue: I am greater than orequalto -2 X -7 @ Clue: I am less than 50
; ; I I t ; ; ; i ;
-5 - -3 -2 -1 -50 0 50 100 150
(© What is the distance between -5 and -1? (N) What number is halfway between -50 and 1502
@ Clue: I am not -12 @ Clue: I am greater than -30
; ; } I t f f I I t
-18 -12 -6 0 6 -120 -90  -60  -30 0
@ What is the distance between -18 and 6? ® What number is halfway between -90 and -30?
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2-2 Numbers between Numbers

Michael and Lena are trying to determine what number you can multiply by itself to get 29.

Michael: The square of 5 is 25 since 5 ¢ 5 =25 and the square of 6 is 36. So, the number you multiply

by itself to get 29 must be between 5 and 6. How can we check the numbers in between?

Lena: Let’s zoom in and look at the numbers between those numbers!
Zooming In to find \29:

@ Use this zoomed in number line and a calculator to find two adjacent numbers that V29 is between.

5 5.1 52 53 54 55 5.6 5.7 5.8 59 6

5" = 25 2t here. 0 ml
2 ont between & and
517 = 260

@ A positive number that you can multiply by itself to get 29 must be between i . and i .
So V29 starts with i .
Zooming in More:

@ Use this zoomed in more number line and a calculator to find two adjacent numbers that V29 is between.

53 5.31 5.32 5.33 5.34 5.35 5.36 5.37 5.38 5.39 54

2 o NZ9
53" = 2807 «— 29 isn here. S0 5 3| The goal is to approximate (get close

2 [ Hween 95 M\A
53" = 28196l isnt be to) the square root of 29, or just \29.

@ A number that you can multiply by itself to get 29 must be between i . and i . onthe
number line. So V29 starts with i .

If you wanted a more precise (exact) answer than this approximation, what could you do?

Lesson 2: Numbers between Numbers DRAFT



Complete these Zooming In number lines.

@ I ; ; ; I I I I ; ;

-1.4 -1 -0.2 0 0.6

@ I ; ; ; I I I I ; ; ; I I I

@ Place these numbers on the number line below: 0.5 -1 1.1 02 -08 -1.2 0.7 -0.1 -12

0 0.5 1
Which is greater, -0.8 or -1.2 ? @ What number is exactly halfway between 1.1 and -0.1?
Complete these Zooming In number lines.
; I I I I ; ; I I I I ; ; ;
-0.33 -0.24 -0.12 -0.03 0 0.06
7.248 7.25 7.256 7.26

@ Place these numbers on the number line below: 2.45 23 241 233 251 255 238 228

2.4 7 45 2.5

@ Which is greater, 2.32 or 2.4? What number is exactly halfway between 2.28 and 2.38?
Where am I? Mark all possible solutions on each number e ~
line and write an algebraic expression to describe them. @ Find the total weight

@ Clue: I am greater than 7.81 l

i ; ; ; i
7.83 7.85
What is the distance between 7.82 and 7.85?
=1 6-_
- J
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.
What number can you multiply by itself to get V8?
@ Since 2«2 =4 and 3 « 3 =9, the positive number that you can multiply by itself to get 8 must be

between and . So V8 starts with .

Zooming In to find \8:

Use this zoomed in number line and a calculator to find two numbers that V8 is between.

2 2.1 2.2 2.3 24 2.5 2.6 2.7 2.8 29 3
z ®
2" =4 g ion't here. 50
2 “T iont befween Z and Z)
ZI" =44
@ A positive number that you can multiply by itself to get 8 must be between é . and é .

So V8 starts with é ..

Complete these zoomed in number lines.

@ I ; ; ; I I I ; ; ;

-4.5 -3 0 1.5

@ ; I I I ; ; ; ; I I I ; ; ;

-0.08 0 0.02 0.1 0.16

Where am 1? Mark all possible solutions on each number line and write an algebraic expression to describe them.

@ Clue: I am greater than or equal to -1.2 @ Clue: I am less than 4.13
; I I I I ; ; ; i i
-1.8 -1 4.11 4.15
@ What number is halfway between -1.8 and -1? @ What is the distance between 4.11 and 4.15?

(@ Place these numbers on the number line below: 9.55 9.5 9.61 9.53 9.72 9.75 9.57 9.47

955 9.6 9.7

® Which is greater, 9.6 or 9.52? @ What number is exactly halfway between 9.47 and 9.57?

DRAFT 7



2-3 Where am [? Number Puzzles

Where am [? Mark all possible solutions on each number line and write an algebraic expression to describe them.

@ Clue: I am less than 4 @ Clue: I am greater than or equal to -1
-12 -8 -4 0 - -2 -1.5 -1 -0.5 0
@ What number is halfway between -8 and -4? @ What is the distance between -2 and -0.5?
@ Clue 1: I am less than 4 e Ask yourself: Why isn’t 4 a solution?
Clue 2: I am greater than or equal to y
; ; ¢ : : t t 0 I I I t ; ;
-3 -2 -1 0 1 2 3 4 5 6 7 8 9 10

I am x. Where am 1? | < X < L} . I could be Z ,

, , , , or many other numbers.

Thinking out Loud

Michael:

Jay:

Michael:

Jay:

Lena:

Michael , Lena, and Jay are looking at problem #5.
Wow, that’s a complicated algebraic statement! Does that mean, “negative one is less than or equal
to x and x is less than 4?
It makes sense that you can just read it off the page like that, but I like to say it with the x first:
“x is greater than or equal to -1.”
What about the rest of it? What do you say about the 4?
Oh, well, for the whole thing, I say “x is greater than or equal to -1 and x is less than 4.”

So, you can say it either way as long as it means the same thing. I like that!

Discussing Tc ogether How could you read the algebraic statement -6 <x <-2?

Michael:

Lena:

Michael:

Jay:

Lena:

So, what about writing - like this one: “x is less than 3 and x is greater than or equal to 17?

Let’s draw it on a number line! (Lena draws a number line and marks the interval Michael
described.) Well, x is between 3 and 1... [ would write the x first (Lena writes x on the board), then
the numbers around it, and the symbols last. 1 is less than 3 and to the left of 3 on the number line,
so [ write that on the left (Lena writes 1 to the left and 3 to the right leaving space for symbols.)
Oh! And then we know everything on the right is greater so we have to write the symbols this
way! (Michael completes the statement: 1 < x < 3)

We could write the 3 first also. The signs would just come out the other way! (Jay writes 3>x>1)

Oh, Jay, you always have another way!

DRAFT Unit 2: Geography of the Number Line



@ Clue I: Lam less than or equal to 0 Mark the interval on the number line.
Clue 2: I am greater than -3

] 1 1 1 1 ] ] 1 1 1 ] ]
T~ 1 1 1 T T 1 1 1 1 T T 1 1 1 -

-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3

I am x. Where am 1? . I could be | Z- , , , , or many other numbers.
(write an algebraic statement)

Clue 1: I am less than or equal to 1
Clue 2: I am greater than -1

-14 -12 -1 -0.8  -0.6 -04 -02 0 0.2 0.4 0.6 0.8 1 1.2

Is 1 a solution? Is =17 --=----

I am x. Where am 1? . I could be —Oé 9 9 5 , O man other numbers.
y
(write an algebraic statement)

@ What is the distance between 1 and -1? What number is halfway between 0 and -1?

f I am j. Where am [? f I am m. Where am [? /~ I am p. Where am 1?

QW —t—t—t+—t+—+—+— | | | | | : —t

\ 7.42 \ 7.5 7.52
I am k. Where am 1? I am n. Where am 1?

@ Complete the clues to match this interval and fill in the number line and all of the blanks.

Clue I: L am less than . Is this number a solution? What does that tell you
(/ about the clue? And about the algebraic statement?

Clue 2: I am greater than

<— © } t t } } } } t ® } } —>
0 1
I am x. Where am 1? . I could be 03 , , , , or many other numbers.
(write an algebraic statement)
@ What is the distance between 0.2 and 0.8? What is the distance between -0.1 and 0.8?

@ Create your own puzzle! Write two clues with decimals, and swap puzzles with a partner to solve.

Clue 1:

Clue 2:

I am x. Where am 1? . I could be , , , , or many other numbers.

Lesson 3: Where Am I? Number Puzzles DRAFT



Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

@ Clue 1: I am greater than -2 — Ask yourself: Why isn’t -2 a solution?
Clue 2: I am less than or equal to ’”
} } f f ; } 0 t t ; } } }
-8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5
I am x. Where am 1? ‘Z <X < . Tcould be O , , , , or many other numbers.

(write an algebraic statement)

Clue 1: I am greater than or equal to -110
Clue 2: I am less than 20

-110 -100 -90 -80 -70  -60 50  -40 30 -20 -10 0 10 20

I am x. Where am 1? . I could be , , , , or many other numbers.
(write an algebraic statement)

@ Clue 1: I am greater than or equal to -2 Is 2 a solution? Is -2?
Clue 2: I am less than 2 9

28 24 -2 -l6 -12  -08 -04 0 0.4 0.8 1.2 1.6 2 24

I am x. Where am 1? . Tcould be IZ , , , , or many other numbers.
(write an algebraic statement)

f I am q. Where am I? f I am 5. Where am 1? f I'am v. Where am 1?

@Illlllllllll ; —

3.19 \ \ 3.3
I am ». Where am 1? I am ¢. Where am 1?

@ Clue 1: T'am less than

Clue 2: [ am greater than

I t ° t t : : t t t t 4 I t

1 103 L1

I am x. Where am 1? . I could be |O§ , , , , or many other numbers.
(write an algebraic statement)

(F) What is the distance between 1 and 1.09? (® What is the distance between 1.01 and 1.08?
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2-4 Zooming in Differently

@ Clue 1: I am less than 5.3
Clue 2: I am greater than 5.22

52

I am x. Where am 1?

. I could be 5.24 ,

, or many other numbers.

(write an algebraic statement)

@ What number is exactly halfway between 5.2 and 5.3?
@ What number is exactly halfway between 6.2 and 6.3?

@ What number is exactly halfway between 6.1 and 6.4?

@ Which is greater, 5.3 or 5.24?

@ Which is greater, 7.18 or 7.3?

6.1

@ Challenge! What number is exactly halfway between 12.73 and 12.74?

Don’t be tricked
€ Use
7 by these two-
: /I, the number lines
6.4 , to figure them out!

12.73

Clue: I am greater than -300

x =300

-400 0

(® What is halfway between -300 and -200?

Complete these Zooming In number lines.

12.74

-20 10

@) What is the distance between -10 and 20?

@ } } ! ! I }

0 2 3

2.5 2.6 2.8 3

I t ; ; ; } I

Lesson 4: Zooming in Differently
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Algebraic Habits of Mind: Using Tools Strategically

The number line is a tool for reasoning about order and operations with real numbers.
You can zoom in and zoom out on the number line to see multiples of 10 and 100 or tenths and hundredths.
Zooming in to see tenths and hundredths is like dividing the number line up by 10 again and again.

You can divide up the number line in other ways too...

I I I I I I | cighths
1 0 1 M 1 ,l_
~8 g g g
I f f I I I I f f I I I I
3 0 1 1 ,Q
- q i
@ Clue: I am halfway between -% and -% X = Clue: I am % of the way from 2% to 3 X =_
I f ¢ f I I f ¢ f I
| 4 ER 2+ 2 3
What is the distance between -1 and -i? @ What number is halfway between 2% and 3%?

@ Use the picture as a reference as you fill in this number line with the numbers below. Cross each one out as you go.

voo3ooo1o3 1 s 117
4 4 8 8 8 8 2 4 8
halves
quarters
eighths
0 i 1
A}
g N
@ Clue: I am not 6.2 X__ b2 @ 4
< : 0 : —> |
6

.3 o

NI—

@ Clue: 1am less than or equal to 41 X 4

= : : ¢ :
3 41 - O- +* =
2 L — y,
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

@ Clue 1: I am less than 10.5
Clue 2: I am greater than 10.6

10.5 10.6

I am x. Where am 1? . Icould be ,Ogé , , , or many other numbers.
(write an algebraic statement)

What number is exactly halfway between 10.52 and 10.58? @ Which is greater, 10.6 or 10.48?

® | : | | : : : b : : : : :

@ I ; ; ; I I I I ; ; ; I I I

7.6  7.61 7.64 7.7
@ Clue: I am less than or equal to 3.7 X 371 @ Clue: I am greater than -2.03
3.6 4 201 -2
@ What number is halfway between 3.6 and 4? @ What is the distance between -2 and -2.02?
ll_ -1 M 1 0 1
18 ~8 ~8 g
-1 3 1 1
4 9
@ Clue: I am halfway between —% and —% X = @ Clue: I am % of the way from % to 1% X =
; ; ¢ ; I I I ¢ ; ;
1] = 4 % 4 [z
@ What is the distance between 0 and -%? @ What number is halfway between -1 and 0?

Lesson 4: Zooming in Differently DRAFT 13



2-5 Subdividing the Number Line

@ Clue:

1
lam 7 of the way from 0 to 100

0 100

@ Clue:

[ am % of the way from 0 to 100

1
@ Clue: I am 7 of the way from 100 to 0

0 100

@ Clue: I am % of the way from 100 to 0

Discussing Together

Some of the problems above had the same answer. Why?

For these problems, write your answers as improper fractions.

1
(5 Whatis halfof 77 2

1
What is a quarter of 77 “1

@) What is a fifth of 72

What is 29 + 42

(6) What is half of 13? (@) What is half of 4 ?

(3 What is a third of 117
yax|

@2 What is two fifths of 72 5

What is a third of x?
@ What is two fifths of x?

@ What is two fifths plus four fifths?

Use this number line with shapes to answer the questions below.

0 39

4 6 7 8 9
, @ ® 4 @ T8 56 e
5 5 5 5 5 5 5 5
2 4 4 3 7
Whatis 5—‘+ 5—‘? @Whatis%+5—‘? Whatis 5—‘+ 5—‘?
Clue: [ am 4—1‘ of the way from 0 to 10 @ Clue: [ am % of the way from 0 to 1
0 10 0 1
@ Clue: [ am % of the way from 0 to 2 @ Clue: I am % of the way from 1 to 9
0 2 1 9
14 DRAFT Unit 2: Geography of the Number Line



Write each fraction as a decimal and locate each number on the number line below it.

@ Whatis1+2? 1 @ Whatis3+2? 3= @ Whatis2+2? 2=
< i > < : : = < } =
0 0.5 1 0 3 0 2
@9 Whatis1+4? 1 @) Whatis4+2? 4= @9 Whatis5+2? 3=
< = <~t—F—F—F+—+> ~—t—F—F—F—+—+>
0 1 0 4 0 5
@) Whatis 1 +8? L= G9 Whatis3+4? 3 - GD Whatis5+4? 3=
< > < : : = <t+—F—F—F—F—>
0 1 0 3 0 5
@2 Place these numbers on the number line below: (:5 -3 -1 1 025 2 -1 025 1 075 -05
05
= { : { : >
3 0 1
4
Discussing Together Are any of these numbers in the same locations? Which? Why?

@ Use the picture as a reference as you fill in this number line with the numbers below. Cross each one out as you go.

1 3 1 1 7 5 1 ll 2 11 1 1 5 1
2 1 12 12 3 12 4

3. 4 2 6

p—

| halves
| | thirds
| | quarters
sixths
| | | | | | twelfths

1
3

. . 1 2
@ Use the picture to explain why 3 = ¢.

We can show one third b\/...
We can show Two sixths b\/...

We know Jrlqey are the same because...

Lesson 5: Subdividing the Number Line DRAFT 15



@ Use the picture and whatever names you like to write a Thinking Out Loud dialogue with your group that explains

2 3 .. .
why i" & Practice it a few times together.

Thinking out Loud

Algebraic Habits of Mind:
Communicating Clearly

Reading the Thinking out Loud
dialogues is a chance to practice
speaking mathematically. This
page is an opportunity to create
that mathematical language
yourself. Make sure your script
communicates your ideas clearly

before your present it.

16
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

Use this number line with shapes to answer the questions below.

o Y 2V 3V 4V oV 7V sV 9V

== == = == 2
5 5 5 5 5 5 5 5 v
4 3 3 8 3
(A) What is 5—v+ 5—'? (®) Whatis 2« V? (© Whatis 5—v+ 5—'?
4 2 4 2

(® What is 5_'_ S—v? (®) What is 5_'_ S—vwhenv=20‘?
@ Rewrite the number line above when W = 20.

0 20 32

Write each fraction as a decimal and locate each number on the number line below it.

© Whatis 1+22 1= M) Whatis 1+52 1= @ Whatis2+5? 2=
(® Whatis3+5? 3= ® Whatis2+10? 2= © Whatis4+5? 4=
M) Whatis 6+5? = ™ Whatis 1+10? | = © Whatis-1+5? -1 -

I I I I I I I I I

0 0.5 1
@ Match them up! Match each fraction on the top with its equivalent decimal on the bottom.
L L N D
2 5 4 5 5 4 5
0.2 0.5 08 025 04 075 06
(@ Plot each fraction and decimal from the problem above on the number line below.
0.25
: ! : { :
0 3 1
5
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2-6 Ordering Logically

2 3 2
@ Arrange 3, 5, and 5 from least to greatest.

Thinking out Loud
Michael , Lena, and Jay are working on problem #1.
Lena: I know what to do! We have to get a common denominator. Let’s see, 3 and 7 both go into 21...
Jay: Wait, maybe there is an easier way! Let’s imagine where these fractions live on the number line.

Michael: Oh, can we compare them to %? (He pauses.) Yeah! % and % are less than % because 2 and 3 are

less than half of 7. And % is more than % because 2 is more than half of 3. So, % is the biggest!
Pausing to Think How does Michael know that % is the biggest?

Lena: Of course, and I can tell the other two. Since % is more sevenths than %, % has to be bigger!

4 1 3
@ Arrange 5, 7, and 3 from least to greatest.

@ Explain your reasoning to problem #2.

Lf I compare them all 1o ,,2 L can fel that.
Then, when L look at the two that are left, L see that..

5 2 2
@ Arrange g, 3, and 9 from least to greatest.

Thinking out Loud

Now, Michael , Lena, and Jay are working on problem #4.
Michael: Wait! With this one, we can tell that g is the biggest because it’s the only one bigger than %, but
what about the other two? % and % have different denominators so we cannot compare them!
Lena: But they have the same numerator on the top, so we can compare fifths and ninths. One fifth is

1 divided by 5, and one ninth is 1 divided by 9, so...

Michael: ...so ninths are smaller than fifths! That means % 1s smaller than %

Jay: I picture it in my head just like Lena described. (Jay draws the interval 0 to on I on the board

twice and divides them up with fifths and ninths.) So | can see in my head why fifths are bigger!

| 0

1 Z
1 19

A
9

=
9

ol T
ol T
ol T

3
9

NN
G| T
$|r T

1
5
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Circle the fraction with the greatest value.

3 3 3 4 3 1
® jor3 ® 5or5 @ jor3

3 3 4
Arrange 7 , g, and g from least to greatest.

@ Explain your reasoning to problem #10.

@ Place these numbers on the number line below: 0.5 -

O]G

1.8

BN [V%]

L
T T T T

.7
@ How far away from 1 is 3’ Use a number

lines to visualize

< g

Think about
comparing
these to 1.

these problems.

.8
@ How far away from 1 is §?

<

. . 7 8
@ Which fraction has a greater value, g or §? How do you know?

. . 7 5
Which fraction has a greater value, g or ¢? How do you know?

3 g I
@ Arrange % , % , and ¢ from least to greatest.
|
5 3 3
@ Arrange 3> 75 and 3 from least to greatest.
o=1 0= »-
N %
@9 Place these numbers on the number line below: 1.2 2 % 26 47 3 -175 13 V8
|.Z
< : : : : = : : : :
-3 -2 -1 0 1 2 3 4 5
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

. . 5 2 . . 2 2
@ Which fraction has a greater value 5 or 57 Which fraction has a greater value 50157
How do you know? How do you know?
. @ Which fraction has a greater value = or %
Think about 55T
) 1 How do you know?
comparing to 3
2 2 5
@ Arrange 3, 5, and 5 from least to greatest.
. . .. .. 1 1
@ Explain how you know if a positive fraction is greater than 5 or less than 3 ) 5
Think about 5. Is that

greater or less than %?
How can you tell?
Now describe how to

tell for any fraction.

. 4 . 6
@ How far away from 1 is 3? @ How far away from 1 is 7?

4 6
¢ c ~or=? ?
Think about @ Which fraction has a greater value 5 or 77 How do you know?

comparing to 1.

7 4 . .
e and 1 from least to greatest. Explain your reasoning.

O &

@ Arrange

Unit 2: Geography of the Number Line
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2-7 Revenge of the Where Am I? Number Puzzles

@ Clue 1: I am less than or equal to 9.83
Clue 2: I am greater than 9.74

9.7

I am x. Where am 1? . I could be 176 , , , Or many other numbers.
(write an algebraic statement)

@ What number is exactly halfway between 9.7 and 9.8? @ Which is greater, 9.8 or 9.77?

First, mark my interval on the number line. Then write two clues that would help find me.
(@ Tamx.Iam here: -5 <x<4.

Clue 1:

Clue 2:

Where am I? Mark all possible solutions and fill in all of the blanks.

@ Clue: The distance between me and 0 is 4 I X | =4
A//\ /\L
; i ¢ i ; ; ; i i i ¢ ; ; i
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7
I'am x. Where am 1? I could be 1 or
@ Clue: The distance between me and 30 is 40 I x - 30 | =

I am x. Where am I? I could be 70 or .

@ Clue: The distance between me and 0.3 is 0.2 X - | =02

I am x. Where am ? I could be or
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Clue: I am negative @ Clue: I am not negative

-200  -100 0 100 200 -0.02 -0.01 0 0.01 0.02

Where Am I? Mark all possibilities for each clue on the number lines, and write the algebraic expressions to match.
Clue 1: The distance between me and 4 is 1 I X - 4 l — |
Clue 2: I am closer to 1 than to 7

-3 -2 -1 0 1 2 3 4 5 6 7 8 9 10

I am x. Where am [? [ am 5 .

Why is there only one answer to problem #10?

Discussing Together _ -
How did you use the two clues to narrow down the possibilities?

@ Clue 1: The distance between me and 71 is 13 I X — - ,LZ | = | %

Clue 2: I am closer to 8 than to 5
1 1 1 1 1 1 1 1 1 I/I\/I_\I 1
-3 -2 -1 0 1 2 3 4 5 6 7 8 9 10

I'am x. Where am I? I am

@ Clue 1: The distance between me and -0.02 is 0.04 I x + 002 | - 004
Clue 2: I am closer to -1 than to 0

-0.06 -0.05 -0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05 006 0.07

I am x. Where am [? [ am

Where am I? Create your own puzzle! Write two clues with decimals or fractions, and give it to someone else to solve.

@ Clue 1:

Clue 2:

I am x. Where am 1? . I could be , , , , or many other numbers.
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.
Where am 1? Mark all possible solutions and fill in all of the blanks.
@ Clue: The distance between me and 0 is 6

-12 -10 -8 -6

I am x. Where am 1? I could be b

Clue: The distance between me and 60 is 120

A//\//—\L

-180 -150 -120  -90

-60 -30 0 60

210
I am x. Where am I? I could be or
(© Clue: The distance between me and -0.6 is 0.5 X - | =05
} f f f } } } f f f f } } }
-1.1 -1 -09 -08 -07 -06 -05 -04 -03 -02 -0.1 0 0.1 0.2
I am x. Where am 1? I could be or
(@ Clue 1: The distance between me and 31is2 | o= =0 % | =7 %
Clue 2: I am closer to 2 than to 5
=3 =2 -1 0 1 2 3 4 5 6 7 8 9 10

I am x. Where am 1? [ am

(E) Clue 1: The distance between me and 0.04 is 0.12 X + i = 0|2
Clue 2: I am closer to -0.12 than to 0

-02 -0.16 -0.12 -0.08 -0.04

I am x. Where am I? I am

Lesson 7: Revenge of the Where Am 1? Number Puzzles
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

Q= T

Qlss T

Z 0 1 l
-
| 0 4 1
-5 5
@ Clue: I am not -6.5 (@ Clue: I am greater than i
-7.5 -6 0 1

@ What number is halfway between -7.5 and -6.5?

(® What is the distance between -3 and 117

@ Use the picture as a reference as you fill in this number line with the numbers below. Cross each one out as you go.

Vo2 11 s 1
3 3 2 6 6 6
| halves
thirds
[ sixths
0 1 1
3
0.898 0.9 0.905 0.912
5 3 5 . .
@ Arrange ¢, 7, and > from least to greatest. Explain your reasoning.
@ Clue 1: I am less than 12.61
Clue 2: I am greater or equal to than 12.54
12.5 12.6
I am x. Where am 1? . I could be 12,571 , , , Or many other numbers.

(write an algebraic statement)

24 DRAFT

Unit 2: Geography of the Number Line



Unit Additional Practice Problems S S —

-24
-0.5 -0.44 -0.42 -0.23  -0.2 -0.14
@ Clue: I am greater than or equal to -10 @ Clue: I am less than 6.59
; ; } i ; t ; ; ; }
-15 5 6.57 6.61

(5 What is the distance between 5 and -15? (&) What number is halfway between 6.57 and 6.61?

@ Clue I: I am greater than -20
Clue 2: I am less than or equal to 10

30 40 50 60 70 80 90

100

30 20 -10 0 10 20
, or many other numbers.

I am x. Where am 1? . I could be 5 , , ,
(write an algebraic statement)

Place these numbers on the number line below: 5 3 05 1 025 3 3
1 | 1
T ] T
0 1 1
Z
3 2 2 . .
@ Arrange 7,35 and 7 from least to greatest. Explain your reasoning.
Clue 1: The distance between me and 5 is 4 I x -5 | _—
Clue 2: I am closer to 2 than to 6
; ; } i ; ; ; ; } i ; ; ; ;
-3 2 -1 0 1 2 3 4 5 6 7 8 9 10

I am x. Where am I? [ am
25
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Unit 3: Distance
and Sign

LSt
e M« °
WhoAm1? ¥ o
oo U
* [ am a multiple of 5. 5 | Anal So
— - hﬁ‘f and
A2 g 0 ) ST
wa o
chru<t ™ The onN
. poss biities
 All of my digits are odd. are: |15 vV
375 Vv
My hundreds digit is less than my 5%
tens digit. %556

Transition to Algebra
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Unit 3: Distance and Sign

Walk twenty paces northeast from the old oak tree and dig three armlengths down.
There, the treasure will be...

Distance and direction are basic ideas in measurement, algebra, geometry, and, in fact, all of
mathematics. The numbers 7 and -7 are very different numbers, but they are related because they
are the same distance from 0. The sign tells you which direction from zero they are. You will

use distances between numbers, like the distance between 4.9 and 5, to make sense of operations
with negatives, decimals, fractions, and even algebraic expressions. In this unit, you will also
meet “Who Am [?” puzzles, where you have to use clues to figure out the identity of a mystery

number.
Lessons in this Unit: Who Am I? t u
1: Making a Useful Number Line * T am odd.
cu>t

2: Algebra on the Number Line
3: Who Am I? Puzzles

4: Making Change

5: Picturing Subtraction

6: It’s All Related!

* The sum of my digits is 10.
* T am less than 30.

Can You find the

mystery HUmber?

Algebraic Habits of Mind: Using Tools

In Unit 2, you saw the structure of the number line. You saw where negative numbers live, and saw some
numbers between numbers written as fractions and decimals. Now that you’ve seen the structure, Unit 3
will focus on using the number line as a tool.

There are many relationships we can examine with a number line. For example, we might be asked to

find the distance between 19 and 41. _/\.

< =~
< T T —->

We can do this many different ways. 19 41

We could break the distance up into smaller, easier-to-find distances, and add them all up:

[\ T~/

19 20 90 41
Or we could slide the numbers over to line up with some easier numbers:
= — / _ — —>
19 20 41 42

And did you know that the distance between 19 and 41, is the same distance between n + 19 and n + 41?

_ /_\‘ -
= >

n+19 n+41

This works for any number you want to plug in for n. Try it!

Copyright © 2011 by Education Development Center, Inc. DRAFT



3-1 Making a Useful Number Line

-14 -6 0 6 14
@ What is the distance between 6 and 14? @ What is the distance between -6 and -14?
@ How far apart are 6 and -14? @ What about -6 and 14?

Algebraic Habits of Mind: Using Tools Strategically

When you sketch your own number line, you have a lot of choices to make.

» What part of the number line will you draw? From -4.2 to -4.1? From 300 to 1000?

* What scale will you use? Mark every 1 unit? Every 0.01 units? Every 350 units?

» Often you don’t need a scale at all, and you just need to keep track of a few important points.

Your choices depend on what you need your number line for. The scale you draw doesn’t

matter as much as having the

. . . - i r head.
For each question, sketch a useful number line, and answer the question. correct idea 1 you

@ What is the distance between 18 and 77? 501 @ What’s the distance between 91 and 50?

Z 50 7

N I
l820 70 T 50 90
@ What’s the distance between -20 and -79? @ What about between -38 and 70?
t } t t f
-20 0 -30 0 70
How far apart are -42 and -15? @ How far apart are 96 and 402?
f t t
-40 -20 100
What about -8 and 501? @ What about 2 and -5.1?
} t
-5 2
@ What about -8 and -1.9? @ What about -3.2 and 7.6?

2 DRAFT Unit 3: Distance and Sign



Algebraic Habits of Mind: Using Tools Strategically

You can draw a number line any time you want to, but sometimes it’s enough just to imagine it. When
you are familiar with what the numbers in a problem look like, it becomes easier to know what that

distance should look like, too.

Now, draw a number line in your head (or on the page) to answer the questions below.

What is the distance between 60 and 140? @ What is the distance between -10 and -70?
What’s the distance between 50 and -300? @ What about between -5 and 950?

What’s the distance between 2.5 and -7.5? How far apart are -20 and -45?

@9 What about 2 and -5.3? @) What about -4 and 3.54?

@ Visualize these two distances: from -10 to -30 and from -10 to 30.
How would you describe to a friend how the distances are different?

Share your
answer with
a friend.
@ Clue: The distance between me and 3 is 10 @ Clue: I am 40 units away from 3
| 4\ /b . 4\ /b
4% 3 % 3
I am x. Where am 1? I could be or . I am x. Where am 1? I could be or

@ I'am x. I am here: -5.3 <x <4.5. Show where I can be on the number line and write
two clues that would help find me.

Q
&

Clue 1:

Clue 2:

Lesson 1: Making a Useful Number Line DRAFT 3



Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.
For each question, sketch a useful number line and answer the question.

(A) What is the distance between 63 and 110? Find the distance between -30 and -82.

(N—"

70 110
@ What’s the distance between 42 and -17? @ What about between -109 and -77?
@ How far apart are 1.4 and 9? @ What about -3.6 and 5.8?

Sketch a number line in your head (or on paper) to answer the following.

@ What’s the distance between 30 and 807 @ What’s the distance between -80 and 30?
@ What’s the distance between -6 and 90? @ What about between -74 and 10?

® What about 402 and 100? @ How far apart are -150 and -189?

@ How far apart are -201 and 50? @ What about -505 and 5057

© gi)lili: 81 am 20 units away 4 @ © a4 ® B

- K

I am x. Where am 1?

I could be or

4 DRAFT Unit 3: Distance and Sign



3-2 Algebra on the Number Line

Fill in the number line and use it to answer the questions below.

x-3 X x+1
@ What is the distance between x and x — 3? 5 @ What’s the distance between x + 2 and x — 4?
@ What’s the distance between x — 1 and x + 1? @ What about between x — 6 and x — 1?

@ Do problems #1-4 again using x = 13.
What if x = -100? Do all four answers stay the same? friend. Test
Can you find a number for x that would change any of your answers? 1K

@ Plot these values and label them Vm 4+ ~/ -5
oy m * ~
on the number line below. ( m-3 2.5 +m 7% m+-5 M )

£ +m m m+8
Thinking out Loud
Michael: m — -5 has just got to be the same as m + 5. I know that subtracting a negative is supposed to
be like adding, and I can do it, but I really want it to make sense. Can we figure it out?
Lena: Um... Let’s start with what we know. We know that m + 5 is larger than m. There are no other
(Lena draws:) i/\i marks on the number
line, s0 m + 5 can be
m m+35
anywhere to the right
Jay: And m + -5 is smaller than m because instead of adding 5, we’re adding the  of
opposite of 5, so we move in the other direction. , ———— _—— '
f f f
Jay adds to Lena's picture:
tay P / m+ -5 m m+5
Michael: We also know that m — 5 is smaller than m, since we’re subtracting 5 from whatever m is. It
looks like m — 5 ends up in the same place as m + -5. They must be the same!
(Michael writes “m— 5" below Jay’s “m +-5")
Lena: And so m — -5 has to be larger than m. We’re subtracting the opposite of 5, so we move in the

. . . . |m
opposite direction from subtracting 5. We add 5! f f f

(Lena writes “m —-5" below her original “m +57) ™M+ -3 m m+5
m—>5 m—-5

Lesson 2: Algebra on the Number Line DRAFT



(@) On this number line, a is labeled. Plot: On this number line, 4 and 7 + & are labeled. Plot:

Ca*6 a+-6 “~6 -0 ) C2+h Rty opxl Ay )

¢ h T+h
Mark off distances oR the edge
@ On this number f a picce of paper to make your How did you decide where 5y goes in problem 9?
line, y is labeled. 012
Mark 2y and 5y. own ruler.
0
@ On this number line, y is labeled. @ How did you decide where -y goes in problem 11?
Mark 3y and -y.
Share yOUI’

Wltb a ﬁ.l'en d

@ Show where each of these belongs on the number line.

C 5n 2k % on -2k )

Sketch a number line (here or in your head) to answer the questions below.

What is the distance between a and a + 3? @ What’s the distance between x — 5 and x?

What about between x + 4 and x + 20? @ What about between n — 2 and n + 30?

At first, this number line looks wrong, because we know that negative numbers live to the left of 0 on the
number line. But because x is a variable, it is possible for -x to be a positive number. Use examples to explain

this number line to a person seeing it for the first time.

6 DRAFT Unit 3: Distance and Sign



Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

@ Show where each of these belongs on 9 R .
(s‘-’ s—4 Tl g5 s s S/—l)

the number line.

s s+ 9
On this number line, ¢ is labeled. @ On this number line, p is labeled.
Mark ¢ +3 and ¢ —-8 and -4 + ¢ Mark 3p and -2p
@ p 0
@ Plot and label these values on the ; 3,
number line. 2 ar 2r -
r 0 t

@ For each pair, figure out how far apart the two numbers are.

a-15 a

What is the distance between....

aanda+ 6? a+ 8anda?
aand a—10? a—4and a?
a+3anda+12? a—2and a—15?
a—2anda+7? a—5anda+1?

First, mark my interval on the number line. Then write two clues that would help find me.

@ Iam x. I am here: -1.6 <x <-1.12. I could be , , , Or many other numbers.

Clue 1:

Clue 2:

Lesson 2: Algebra on the Number Line DRAFT



3-3 Who Am [? Puzzles

@ Who Am 1? t u @ Who Am 1? -0
* Tam even. e Tam even. t u ;f'_—
* The sum of my digits is 16. 0 * [ am a perfect square. a
Z o . . e, . .
" My un'1t's digit is twice my 7
A tens digit.
8
@ Who Am 1? @ Who Am 1?
* [ am odd. t u * [ am a multiple of 10. t u
* The sum of my digits is 2. + T am between 4% and 5%
® | WhoAm I? ® | WhoAm 1?
* I am even. t u * [ am odd. t u
* The sum of my digits is 4. cu=t
* My units digits is not 2. * The sum of my digits is 6.

Algebraic Habits of Mind: Puzzling & Persevering

To solve Who Am I? puzzles you have to play with the digits both separately and together to find the
mystery number. When solving puzzles, always start with what you know. These clues will eventually help
you narrow the answer, but there can be many ways to get there. Try anything that looks hopeful.

@ For each pair of numbers, figure out how far apart the two numbers are. Use the number line to help you.

-2 -1 0 2 4 8

What is the distance between....

3 and 7? 8.5 and 10? -3 and -1?
2l d-3? 81 ? 41 10?
-25 and -37 Zand9. Eand 07
1 1
5 and 1? 8 and 971 ? -3 and 12?
-3 and 7? 8% and 9? -3 and -3?
Label the numbers on the number line and use it to find the distance. 3
What is the distance between -2 and 5% ? '/\/@\
I I i
3
2 9% 6

@ What’s the distance between 7% and 12?

7 8 12 13

8 DRAFT Unit 3: Distance and Sign



Answer True or False for each statement below. If the statement is false, give a specific example that that
proves the statement is false.

Your specific

example can
Ex: If nis -3, 5n is be a number

or a picture.

Sn is always positive. False -k is always negative.

If a is a positive number, then a + 10 is always positive.

Since the variable cap

Irepresent
If m is a positive number, then m — 8 is always negative. False need i @ny number, a]| You
€Cd 1S one €xample to show

that a statemen is false,

A L

@ What’s the distance between 10z and 18? 5
5
a ;
05 1 18

. . 1 1
@ Find the distance between 6§ and -23.

2 6
. 1
@ What’s the distance between -13 and -7 ?
0
3
What about between 9§ and 17?
. . 1 I .
@ Clue: The distance between me and 4 is 205 Clue: T'am 1007 units away from 6
. 4\[” . 4\[”
1 1 1 1
[ 4 [ 6
I am x. Where am [? I could be or . I am x. Where am [? I could be or
@ Who Am I? . Who Am I?
* Both of my digits are odd. 4 * [ am a perfect square. t u
* My tens digit is 6 less than my * The sum of my digits is 9.
units digit. * My units digit is less than my
* [ am less than 20. tens digit.

Lesson 3: Who Am I? Puzzles DRAFT



Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

@ Who Am 1? Who Am [?
* Both of my digits are odd. t u * The sum of my digits is 14. t u
* Neither of my digits are * My digits are not the same.
perfect squares. * Both my digits are odd.
* [ am one less than a perfect [ am less than 90.
square.

Label the two numbers on the number line and use it to find the distance.
@ What is the distance between 8% and 137

7 8 9 10 11 12 13

. . 3
@ What is the distance between —SZ and 1?

@ What’s the distance between —9% and —10% ?

. 1 5
@ What’s the distance between 105 and 15 ?

5 1
@ What’s the distance between 157 and 267 ?

@ Who Am 1? @ Who Am 1?

* The sum of my digits is 9. t u * The sum of my digits is 18. t u
* My tens digit is even.

* My tens digit and units digit

differ by 1.
@ | WhoAm1? ® | Who Am I?
* Both of my digits are even. t v » My digits are the same. t v
* My tens digit is 6 more than * The sum of my digits is
my units digit. greater than 12 and less than
* My digits add to 10. 16.

10 DRAFT Unit 3: Distance and Sign



3-4 Making Change

Carla has exactly 22 cents in her pocket.

@ Malika, Jing, and Eva are writing down everything they can say for sure about the coins in Carla’s pocket.
Most of what they said is correct, but 4 of these statements are wrong. Cross out the incorrect statements.

She has no ctuardrers.

She has to have exac’rly two dimes. (@ How did you know that those four
She could have Two dimes. Share YO statements were wrong?

She could have Up to four nickels,  answe™®

She could have three nickels. with a

She has 1o have exac’rly two pennies,  friend-

She has 1o have at least two pennies.

She has 1o have more than three coins.

The big est numbeyr of coins she could have is 22
She could have four coins.

She coud have five coins.

She could have six coins.

She could have seven coins.

She could have ZI coins.

@ Ben has exactly 18 cents in his pocket. @ Who Am I?
) . * [ am even. t u
Write down at least ten different statements you could « The sum of mv digits is 3
say for sure about the coins in Ben’s pocket. Y g L
* The product of my digits is 2.
(® | WhoAm I? .
u

* Both of my digits are odd.

* My digits add up to 12.

* My tens digit is two more than
my units digit.

. . 1
(8) Circle the fractions that are greater than 5

1 4 2 3 Bl
3 7 3 0 38 6
4 3 2 1 > 3
9 6 5 8 8 7

. .o 1
(@) How do you know if a fraction is greater than 5?
our 2

answers with

gomeon® SEE )
and check thett

Lesson 4: Making Change DRAFT 11



Algebraic Habits of Mind: Using Tools Strategically

The number line can even help you make change. Imagine you’re a cashier at the corner store, but the

cash register is broken. A customer spends $6.82 and pays with a $10 bill.

Picture your number line. Where is $6.82 on a $10 number line?

$3 + some change
0 6égz 7 10
Then zoom in to see the change. Where’s 82 cents?
008 0I0
—+ f f
8
(82 6.90 7

You owe the customer $3.18 in change.

Asher’s total purchase is $4.87, and he pays with a $10 bill. How much change should you give?

6.80

@ Kayla’s purchases total $7.56, and she pays with a $10 bill. How much change should you give?

Paulo spent $11.14, and he pays with a $20 bill. How much change should you give?

70

10 -

10 -

We write this

Process using

Subtraction.
After youy take

away $6.82
from $10,
L8Z = 5.!87

What’s Jeft?

@ Sang’s total purchase is $2.73, and she pays with a $5 bill. How much change should you give?

g N g N
) 20 @ 80
| |
&
v
o o, & v o-. &
- — - — )
DRAFT Unit 3: Distance and Sign
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

@ A book costs $14.98. The customer hands the clerk a $20 bill. How much change should the customer get?

Lunch and tip cost $6.57, but I only had a $20 bill. @ Your purchases cost $13.24, and you paid with a $50

How much change should the waiter return? bill. How much change should you get back?
4 ® N ® | WhoAmI? t u
96 e [ am odd.

' « My digits add to 5.

* My digits multiply to 6.
v
(® | WhoAm1?

* [ am a perfect square. t u

* My units digit is five more

v- ®- * =10 than my tens digit.
\_ J * [ am greater than 20.

Label the two numbers on the number line and use it to find the distance.

@ What is the distance between 8 and 2%?

. . 4 2
@ What is the distance between 33 and 73 ?

2 1
@ What’s the distance between —1§ and —123 ?

Lesson 4: Making Change DRAFT
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3-5 Picturing Subtraction

@ How do you know where n — 8 goes?

@ On this number line, 7 is labeled. Plot:
How do you know where n — -8 goes?

( R e I )
Write Yyour
: . explanations,
n n+& then share
them with 5
friend.

@ On this number line, plot:
( 3% 345 Fig 578 )

Illustrate each problem on a number line. Then say only whether the answer will be positive or negative.
G 45--18is

@ 20-26is Negative @ 3-5is

; } i
3 Mark
the 0

Do you O 20 Where
pass 07 is 07
. : 307,
(6 102-101.91s @ 9.1--3.64is (8 -35-Tgis

@ Answer True or False for each statement below. If the statement is false, provide a specific example using

numbers or a picture that shows why.

-3p is always negative.

105 is always positive.

If 4 is a positive number,
then 2 — 100 is always negative.

If x is a negative number,
then x — 1 is always negative.

DRAFT Unit 3: Distance and Sign
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Ilustrate each subtraction problem on the number line. This time write the answer, too. Keep marking 0 and make
as many jumps as you need to help you with your calculation.

13-38.5= Is this positive ect” or “better”

There’s no “corr
or negative?

b
aw the arrows. You’'re

way to dr an
55 20 |3 moving left 38.5, and you © r
3 I{-\: /\,’/—\: _ break that up into as man)é(o
. to.
4% 0 13 as few) pieces as you 85
Don’t forget to
keep t
@ 93-29= e @ -82-38=
93 -82
@ 11-53= @) 8--56=
@ | Who AmI? X Who Am 1? X
* My units and my t u e [ am a multiple of 10. t u
hundreds digit are the * My tens digit is twice my
same. hundreds digit.
* The sum of my units digit * My hundreds digit is odd.
and hundreds digit is 10. * My hundreds digit is greater than 1.
* My tens digit is one more than my units
digit.
@ -42-36= 26—8.8=
539 - 52.1= L 08 =
-52.1= @0 23 =703 =

Lesson 4: Picturing Subtraction DRAFT



Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.
[llustrate each problem on a number line. Then say only whether the answer will be positive or negative.

®) 32-49is -8.3-6.33 is © 2-25is

Mark 0 32
the 0
: 1. :
®© 7.12-76is ® 11%— 115 is (F) -49.62--49.7 is

@ Answer True or False for each statement below. If the statement is false, provide a specific example using
numbers or a picture that shows why.

-4k is always negative. If a is a negative number,
then a + 20 is always positive.

[llustrate and answer each subtraction problem using the number line.

@ 122-36= @ 53-17.1=

12-20.7 =
© — © | WhoAm I?

* The sum of my digits is 16. t u
* My tens digit is greater than
my units digit.
1 ?
® 302241 - ®  WhoAmI? h t u
5 5 —— + All of my digits are odd.

* My units digit is a perfect

square.

* None of my digits are 1.

* Multiplying / and ¢ gives u.

16 DRAFT Unit 3: Distance and Sign



3-6 It’s All Related!

Where am I? Mark all possible solutions and fill in all of the blanks.

@ Clue: I am 14 units away from 40

e e

o
Zb 30 40

[ am x. Where am I? I could be 'Zé or .

@ Clue: The distance between me and 7 is 30 1(\)/1ark
t
7
Iam x. Where am [? Icouldbe  or

@ Clue: I am 30.6 units away from -5

Where am 1? I could be or

@ Clue: I am b units away from 8

f/_\:/\gtb
8 eE

I am x. Where am I? I could be 8 i b or

Clue: I am 9 units away from b

b

I am x. Where am [? I could be or

(®  WhoAm1I?

* All of my digits are
different and odd.

* My hundreds digit is my

largest digit, and my units
digit is my smallest digit.
cu>1
* h<9

@ Clue: I am 83 units away from 2

I am x. Where am I? I could be or

@ Clue: The distance between me and -12 is 5%

I am x. Where am I? I could be or

@ For problem 6, if you are told that 8 — b is
negative, what does that tell you about what
numbers b can be?

In these problems, there are two variables.

The variable b stands for the distance you move
or the number where you start. The variable x

stands for the numbers where you land. We say

we “write x in terms of b” because where you

land (x) depends on our value for b.

Who Am I?

e I am even.

* My tens digit is a perfect

square.
cu=h
[ am less than 400.
* My tens digit is greater than 4.

Lesson 6: It’s All Related!
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@ Clue: I am 38 units away from ¢ @ For problem 11, if you are told that ¢ + 38 is
negative, what does that tell you about what
numbers ¢ can be?

I am x. Where am 1? I could be or

. . Your example
@ Answer True or False for each statement below. If the statement is false, provide

a specific example using numbers or a picture that shows why. ca.m bea
picture.
If ¢ is a negative number, If a is a positive number,
then ¢ + 38 is always positive. then a — 300 is always negative.
Who Am 1? L. @5 | Who Am I? v
* [ am even, and all my * [ am odd.
digits are even. * My hundreds digit is 2.
* My hundreds digit is four * My units digit is greater
times my units digit. than my tens digit.
* My three digits all add up to 10. * My tens digit is twice my hundreds digit.
» My units digit is a perfect square.

We’ve seen numbers play two different roles on the number line. They can be addresses (“I am 28”) or they can be
distances (“Jump 35 to the right”).

We’ve also seen two ways to think about subtraction. For example, in a problem like 83 — 80:
* The two numbers (83 and 80) can both be thought of as addresses, and the answer is the distance between them (with
the correct sign). Or...
* The first number (83) can be thought of as an address and the second number (80) is a distance to jump to the left.
Then the answer is the address where you land.

No matter which way you think about subtraction, use the number line as your guide.

73 -49= @ 15-528=

2 3 1 3
35145 = 315-8% =

18 DRAFT Unit 3: Distance and Sign



Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

Where am I? Mark all possible solutions and fill in all of the blanks.

(® Clue: The distance between me and 3 is 43 Clue: I am 3.8 units away from -24
f
3
I 'am x. Where am I? I could be or . I am x. Where am 1? I could be or
: 4
(© Clue: I am 108 units away from -1.1 (@ Clue: The distance between me and 98 is 153
I'am x. Where am I? I could be or . I'am x. Where am I? I could be or
@ Clue: I am 33 units away from m @ Clue: I am 7 units away from 3.03
I am x. Where am 1? I could be or . I’'mx. Where am I? I could be or

[lustrate and answer each subtraction problem using the number line.

© 381-136= @ 16.1-30=

38|
® 49-11% = Q@ -92--114=

® | Who Am I? vt O  WhoAmI? v
e [ am a multiple of 10. e [am even.
* My hundreds digit is one * My tens digit and units
more than my tens digit. digit are the same.
* My three digits all add up * My hundreds digit and
to 7. units digit add up to 17.

Lesson 6: It’s All Related! DRAFT



Unit Additional Practice Problems

Use these questions to help you prepare for the Unit Assessment.

Find the distances. Sketch a number line in your head or on the paper.

@ What is the distance between 30 and 1507? @ What’s the distance between -55 and 40?

@ What’s the distance between 56 and -31? @ What about between -3 and -8.5?

@ What’s the distance between 7.8 and 9.1? @ How far apart are 10; and 11?

5 1 . 1 5
@ How far apart are 107 and 115? What’s the distance between 95 and 105?

@ Plot the numbers. Be sure to label them.

Some of them end up in the same place.

3 b % 6.
(b‘s b2 T o8 T3 T 34p 10)

Who Am I?
e ] am even.
* The sum of my digits is 11.
* My tens digit is a perfect
square.

b b+5

@) | Who Am I?
e [ am odd.

my units digit.
e ] am less than 90.

* My tens digit is 6 more than

@ Answer True or False for each statement below. If the statement is false, provide a specific example using

numbers or a picture that shows why.

-y is always negative.

If g is a positive number,
then g + 13 is always positive.

If n is a negative number,
then n + 99 is always positive.

If 7 is a positive number,

then » — 200 is always negative.

20
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@3 Clue: The distance between me and 13 is 70 Clue: I am 8.4 units away from -60

13

I am x. Where am 1? I could be or . I am x. Where am 1? I could be or

@ A sandwich costs $6.77. You pay with a $20 bill. How much change should you get back?

[lustrate each problem on a number line. Then say on/y whether the answer will be positive or negative.

26 -39 is @ 4-5is 432 -43.187 is

[1lustrate and solve.

24-40= @O -18-17.2=

13
@) -56--39= @ 175 -45=

@ | Who Am1? Lot @)  WhoAm1I? Wt
* All of my digits are * [ am even.
different. * My tens digit is 1.
* None of my digits is 0. * My three digits multiply
* All of my digits are to 12.
perfect squares. * My hundreds digit is four less than my
* My units digit is my only even digit. units digit.
e I am less than 500.

Additional Practice DRAFT
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Unit 4: Area and
Multiplication

10 I

8

8-1T=28-10 +8-7=280+ 56 =136

X ,Zy -5
“Ix “AxZ 8><y -20x
-3 ~3x —éy 15

(><+.Zy—6)(ﬁ><—5)=L}><2+8><y—,25><—é7z+16

Transition to Algebra



Unit 4: Area and Multiplication

MysteryGrid 1-2-3-4 Puzzle

You will learn 8, + |2 + 3

Lessons in this Unit:

1: Puzzles and Patterns
: Multiplication Patterns to solve puzzIes
: Measuring Area like this... 4 4 x
: Area Models and Equivalent Expressions .
: Modeling Area with Algebra 6, x

: Squaring Variables

: Equivalent Algebraic Expressions 7, +
: Extending the Distributive Property

00 N N L B W N

Algebraic Habits of Mind: Using Structure

We can see how the area of a small (like 2 by 4) rectangle is given by multiplying base and height:
4

We also know that if we divide up the rectangle into smaller pieces, we still get the same overall area:
di1d = 03+ 0 = 0 + 0

We know this because we understand the underlying structure of area. We know how area works because we
can see it with our eyes. In this unit, we’ll find out how to use this structure to solve problems we can’t see so

easily, like 562 « 87 or (x + 2)(x +y — 3).

What is Area?

Area is the amount of 2-dimensional “stuff inside” a shape. It’s not actually a number, but we can use
numbers to keep track of it. We measure the area of a shape by comparing it to a little chunk of area, one
“unit”. Sometimes [ |= 1 unit; sometimes a square foot = 1 unit; sometimes an acre = 1 unit. Different scales
each use a different unit to measure area.

If the shape is a rectangle and [ | = 1 unit, we can find the area by multiplying the number of rows times the
number of columns. The area of % =2+4=8

height

Because all the rows of a rectangle stack up with the same number of units,
the area always works the same way for every rectangle. Area = base x height. s

We can also measure area even when we don’t know the measurements. For example, if we know that a
room is x feet long and y feet wide, then we know that the area of the floor is x times y, or just xy, even
before we do the measuring because it works for every rectangle. This is why we can use area models to
help multiply algebraic expressions even when we don’t know what the variables equal.

Copyright © 2011 by Education Development Center, Inc. DRAFT



4-1 Puzzles and Patterns

(@ MysteryGrid 1-2-3 Puzzle
2,- 12, |
v You are allowed to write only the numbers that appear in the puzzle’s name.

MysteryGrid Puzzle Instructions

12, x I3, = Each row and column must contain exactly one of each number.

Each “room” (space with a heavy border) contains a “target number” and
often an operation. The numbers you write in the room must make the target
number using the operation. For example:

» 3, — means make 3 using subtraction.

. 7,+ ke 7 using addition.
(@ MysteryGrid 3-4-5 Puzzle feans make fusing acaiton

> - —— Order doesn’t matter. To fill in a room like this:

‘2,_ ‘
20, x |4

in a MysteryGrid 2-3-5 Puzzle, the only numbers that can work are 3 and 5,
which you can draw either way:

S EE

If you don’t know yet which order is correct, don’t guess! (It could mess you

@ MysteryGrid 6-7-8 Puzzle
23, + |42, x

up later!) Just write what you do know like this:
2,- 3 :
48, X ! You might want to
7 use pencil so you can
erase if you need to.
13, + Other clues will help you sort out the order later.
(@ MysteryGrid 1-2-3 Puzzle (5 MysteryGrid 3-4-5 Puzzle  (6) MysteryGrid 2-3-5 Puzzle

4, X 9, X 15, x §11, + 30, x §45, x

When you have

a puzzle, ask 35

yourself, “what 8, + 20, x

is the easiest
place to start?”

Algebraic Habits of Mind: Puzzling and Persevering

Good problem solvers look for the easiest place to start, whether they are doing a puzzle or a test. They also

keep track of what they know and choose their next move based on the discoveries they’ve already made.

2 DRAFT Unit 4: Area and Multiplication



In each problem, multiply the middle number by itself and the two outside numbers together. @

® 3 24 120

®
Lol (ol (6 (o)

12

® )
AEDICDICDREDI

10 31

Some patterns are very easy to describe with words. For example: “start with 1 and add 2 again and again”
(you get: 1, 3, 5, 7, 9, and so on). Other patterns can be much harder to describe with words, as Michael is about

to discover. Algebra provides a language that makes it easier to describe mathematical patterns.

Thinking out Loud

Michael: So, when you take one number and you multiply it by itself and then subtract one from that, you get
the two numbers on each side multiplied togeth... uh, it’s hard to describe with words...
Jay: Let’s name the center number j! (Jay writes j.)

Lena: Oh, and then we can describe its neighbors as... (She stops talking and just writes.)

Finish Lena’s thought. How might

Pausing to Think she name the two neighbor numbers?
Michael: Right, much better! So this number (ke points to the red box) is < >
j times j, and this number (e points to the blue box) is... ’ ’ ‘
Lena: Sorry, Michael, | wasn’t paying attention... /
Michael: (Grumbles) So j—1 timesj + 1 is the same as...
Discuss & Write Finish Michael’s reasoning.
Michael: But which is it? j — 1 times j + 1 orj times j minus 1?
Jay: I think we’re going to have to learn how to multiply with algebra to answer that question!

Lesson 1: Puzzles and Patterns DRAFT 3



Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

Solve these MysteryGrid puzzles using the rules on page 2.

@ MysteryGrid 1-2-3 Puzzle MysteryGrid 1-2-3 Puzzle )
5 - " Don’t write the numbers in
, X / ’ / until you are absolutely sure.
Use little notes instead.
4, X 3, X 6, X 1
Like this: pe
A
6, X -
(© MysteryGrid 1-2-3 Puzzle (@ MysteryGrid 4-5-6 Puzzle () MysteryGrid 2-3-5 Puzzle
2 3, X 20, x 30, x 20, x 10, +
6, + 15, + 45, x
6, X 24, x

In each problem, multiply the middle number by itself and the two outside numbers together.

® © ® ® i
O 7 ( ®

o .

11
@ ® | 809 ©
3600
59 60 61 89 90 91 69 70 71
™) | Who Am I? ™ | Who Am I?
* [am even. t u » Both of my digits are odd. t v
» [ am between 35 and 55. * My digits are not the same.
* [ am a multiple of 8. [ am divisible by 3.
* [ am not a multiple of 5. » [ am one less than a perfect square.

4 DRAFT Unit 4: Area and Multiplication



4-2 Multiplication Patterns
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What number is located at...

@ column 2, row 12? @ column -3, row 8? @ column -4, row -6? @ column 12, row -2?

@ List several locations of 12.

Column é

Row Z_

Discuss & Write How would you describe the location of the zeros in the chart?

Determine whether the number at the following locations is negative or positive.

@ column 5, row -4 @ column 8, row 4 column -2, row 10 @ column -5, row -6

Discuss & Write What You Know

Where are the negative numbers in the chart? What is one way to explain why they show up there?

If we agree that... Figure out the area of each of these shaded sections.

- - M
R -

These Latin Squares are like MysteryGrid puzzles without all the rules. Just follow the instructions beside them.

@ 1-2-3 Latin Square @ x-y-z Latin Square
Fill in the grid
3 2 . & z Use x, y, and z
with exactly .
exactly once in
1 one 1, one 2, every column
and one 3 in y ry cotu
and once in
every column
every row.
and row.
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

What number is located at...

@ column 4, row 7? column -4, row -4? @ column 3, row -5? @ column -1, row 11?

@ List several locations of 24.

Column -L!
Row —é
@ If we agree that... Figure out the area of each of these shaded sections.

_ W _

4 i
A O X

These Latin Squares are like MysteryGrid puzzles without all the rules. Just follow the instructions beside them.

@ 4-5-6 Latin Square @ r-s-t Latin Square
4 e S Juersm
y exactly once in
5 one s one >, every column
and one 6 in ty colu
and once in
every column every row
and row. '
r
Solve these MysteryGrid puzzles using the rules on page 2. - ~
(@ MysteryGrid 1-2-3 Puzzle (@ MysteryGrid 5-7-9 Puzzle ® 50
6, x 35, x 63, x i
9, x 3, + 45, x
2 7 14, +
. K. e

Lesson 2: Multiplication Patterns DRAFT 7



4-3 Measuring Area

Let[ |= 1. Determine the area of each figure.

® ® ®

[ i

® ® O]
EEEE

The same 5 by 16 rectangle is cut in three different ways. For each one, find the area of each part and the total area.

B 10 .6 _ 9 —— 7 .
A‘ T 9 M‘ T B
5 <—— Area models —> 5
Y| j Y
5¢16=5¢10+56= + = 5¢16=59+57= + =
total area total area
- 8 e 8 .
I\ T a _
5 Which rectangle in
problem 8 was easjest
Y to calculate? Why?
5¢16=5¢8+58= + =

total area

Discuss & Write What You Think

Explain why these three rectangles all have the same total area.

@ Jing drew this sketch to think about the problem 15 14 and started solving it.

?
10 4 What should she do next?
S
10X IOO HH El‘flOE
1 1
SO i IO:: I O

5-7-9 Latin Square

9

8 DRAFT
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@ Determine the area of this figure by finding a convenient way to cut it up.

What made your choice feel convenient?
How did you make your decision about how to cut?

Determine both the area and perimeter of each figure.

) )

The Perimeter js the
distance a]] the way around

the edge of 5 figure,
The perimeter of [T ]is ¢
But the area is, of course, 2
Area: fre———— o
Perimeter: Perimeter: ~ Perimeter:

Describe the difference between area and perimeter.

Use the area models to solve each problem.

® 20 6

10 3
6 15+26=

Kayla says that breaking up the area, calculating each part, and adding them up reminds her of finding distance

on the number line because you have to break up the distance with jumps, calculate each part, and add them up.

What do you think of that?

Lesson 3: Measuring Area DRAFT 9



Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

Let[ ]= 1. Determine the area of each figure.
@ m O

Use the area models to solve each problem.

® ®

0 7 11+17

10 71052

Solve this MysteryGrid puzzle using the rules on page 2.

® MysteryGrid 2-3-4 Puzzle

@ | WhoAm I?
_ t u 9, + |12, x
e [ am a multiple of 5.
e [ am between 72 and 92.
12, x
* My tens digit is even.
* [ am not divisible by 4. 7
@ If we agree that... Figure out the area of each of these shaded sections.

S }Z_

10 DRAFT Unit 4: Area and Multiplication




4-4 Area Models and Equivalent Expressions

Fill in all the blanks and use the area models to solve each problem.

@ 20 5 @ 60 4

10 25+12= 10 1564 =
2 5
@ 50 1 @ 40 1
20 24 e5] = 500
562 ¢ =
4 60 | 2400
2

Draw an area model and use it to solve these problems.

® 23-46= ® 35-154=

Which of the following expressions corresponds to the diagram on the left?

) Circle all that apply.
5“: ==H L B +5)(6+4)
v
S} (® 30+20+30+20
Y

© 6+5)(@4+5)

What do these expressions all have in common? Circle all that apply.

(5+5)+(6+4) (A) They all have the same final answer.
(6 +4)? They are just different ways of writing 10 « 10.
10+ (5+5) (© They have nothing in common.

Discuss and agree on your answer(s) to problem 9.

Discussing Together Draw models to explain your reasoning.

@ 15+43=

Fill in this grid with
exactly one 1, one 2,
and one 3 in every
column and row.

1-2-3 Latin Square

Lesson 4: Area Models and Equivalent Expressions DRAFT
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2
@ < 0 >« > 5+28=75( +8) =
SV
= = >
- 28 o
— > 528=530-_ )=
SV
30
40 3 ®
1Y 2+ (40 +3)=

Attach the matching expression to each diagram.

40 2

® 5438 =
5
(E) 30 1 4+29-
4
4x 3
2¢(4x+3)=
8x (4x +3)

6

»
¢ >

Al
4"

“.p.

A

\A
Y

»
y

N

10

10

—Y

»
—p|-«—]

—Y

“-lk

A

\A
Y

PUAL W PR -
—p|-t—>]

Complete each grid with exactly
one 1, 2, 3, and 4 in every
column and row.

@

1-2-3-4 Latin Square

3|1

4

4|2

Look for the easiest place to
start and only write things in
once you are sure!

@

1-2-3-4 Latin Square

3 Z
2

2

12
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

Fill in all the blanks and use the area models to solve each problem.

@ 70 4 50

20| [400 40

2574 =

5 8

@ 20 1 @ 100

50

48x52 and 52x48
are the area of the
same rectangle, so
the answers will
be the same.

52448 =

60 40
9 8| 800
69«21 = + + + - 152 + 48 =

Use area models to solve these problems.

® 45-21- ® 64-312=

@ Draw an area model for the expression
10(3+7)

@ If we agree that... Figure out the area of each of these shaded sections.

Ry
a7

©® 53.24=

®

2-3-4 Latin Square

2

N

~ R
|

Lesson 4: Area Models and Equivalent Expressions DRAFT
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4-5 Modeling Area with Algebra

@  MysteryGrid 1-2-3-4 Puzzle (@)  MysteryGrid 1-2-3-4 Puzzle ~ (3)  MysteryGrid 1-2-3-4 Puzzle

1, - |1, - 3, - 4 2, + 1, - 48, x 6, X
2,+ |2 6, + 12, x 3, + |2+
3, - 7, + 1, - 3, + |2
6, X 5, + 2 7, + 1

@ Imani wants to build puppy pen. If her pen is 10 feet long in one direction and p feet long in the other direction,
how much total room will the puppies have to play? Explain your reasoning.

p
10
20 5 @ 2b 5
3:20+5)= 3+2b+5)=
3 60 ( b 3 A, ( )
Thinking out Loud
Michael: Ok, I get that problem 5 is a model of a 3 by 25 rectangle and we are splitting it up to find the
area easily, but what is going on in problem 6? What does a 3 by 26 + 5 rectangle even mean?
Lena: Let’s think back to the puppy pen problem. We didn’t know one of the dimensions of the pen, so
we said it was p. So, p times the 10 foot side we know makes 10p.
Jay: That’s 10p square feet. Not just 10p. The dimensions are in feet so the area is in square feet.
Lena: Ok fine. 10p square feet.
Michael: I can see how problem 6 is like that. The 3 is the distance we know for sure and the 25 is two
times some distance we don’t know. When we multiply them together we get area: 6b square...
Square what? There are no units! There are no feet or anything!
Lena: Yup, so it’s just 6b in that box, but we have to remember that we’re multiplying the 3 not just by
2b, but by 2b + 5. Right?
Michael: Right! So, 3 times 256 is 6b and 3 times 5 is 15, so it’s 6b + 15.

14
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These rectangles are made of smaller rectangles. The labels give the dimensions of the small rectangles. Fill in the blanks.

Then find the base, height, and area of the large rectangles. (The drawings are not to scale, but the dimensions are correct.

@ 8

x| 8% | area= 80C+3) (base x height

7

2| 14| area=TC + ) (base x height

3| 24 3
Area = (total) Area = [+ (total)
Fill in the missing pieces in these multiplication problems.
® (— E—
7 S7(b+ 8) = -4(5b + 8) =
@ v -1 @ 3k 4
— 1= +4) =
2 8y —-1) 7 73k + 4)
@ 4c -3
b S
8| -3Z¢ S
(b—-8)(4c-3)= (2b—8)(4c-3) =
@  MysteryGrid 1-2-3-4 Puzzle -
8, x 5 + 18
|
8, x 9, x
8, + 1
" . 0 v
N — E— ~ J
@ Who Am 1? Who Am I?
e [ am even. t * [ am a multiple of 7.
e [ am a multiple of 9. * My tens digit is less than my
* I am less than 70. units digit.
o« t>u * Both of my digits are even.
Lesson 5: Modeling Area with Algebra DRAFT 15



Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

Fill these in completely.

@ 100 1 100 10 1
20 20 ( 2000
3 3 3
23« 101 = + + + = 23« 111 =
@ 50 4 @ 40 -1
10 EOO 10«54 = 5 539=
Use an area model to multiply these algebraic expressions.
® X 4 ® 5y -4
| 10x 10(x + )= ) 2( )=
©@ ® ko
Y8 —k)= y(k—8)=
@ X 7 @ o o
y b
S 8 24
y-5x+7)= 2a-3)b+8)=

Use an area model (on paper or in your head)
to solve these two problems.

® 2.32=
© 3.51 =

™) | Who Am1?

e [ am a multiple of 6.

e t=2u

* T am between 5% and 82, but I am not a perfect square.

@ MysteryGrid 1-2-3-4 Puzzle

8, x 3 6, X 3, -
4, x

3 1, -

8, x

16
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4-6 Squaring Variables

Thinking out Loud
@ X 2 Michael: Hmm, I know what to do in most of these boxes, but
¥ how do [ write x times x? x “dot” x?
Lena: Yeah, but x * x is x squared, so I just wrote x°.
. Michael: Oh, right. But now that ’'m thinking about 2
(x+3)(x+2)= it, I wonder why it is called “squared. | 2
What does “x squared” even mean?
Lena: Hmm. We’ve been drawing all these rectangles. | have an idea. Instead of x times x, let’s imagine 5
times 5 first. If we drew a 5 by 5 rectangle...
Michael: (interrupting) That’d be a square because the sides are the same! >
Lena: Right! And how do we get the area? 51 25

Michael: 5 times 5 is 25. Oh! That’s why it’s called “five squared!”
Lena: Yup! And so if it was x by x...

Michael: It would be a square that has sides x long and an area of x*. Nice!

What’s the area of a 7 by 7 rectangle?
How about a square that measures z on each side?

Pausing to Think

Lena: Then to finish problem 1, we just add up the partial areas and we have x? + 2x + 3x + 6.

Michael: And 2x + 3x is 5x, like adding 2 buckets plus 3 buckets. So then we add in the x*?

Jay: Well, 2x + 3x is Sx, but you can’t add in the x* the same way. Look at this drawing:
X 2
x 5
X X2 [2x
—_— X x? x [2x| 3x |E|
3 3x |6

Michael: So, we know that the 2x and 3x are 5x by lining them up and adding them. Then what about x?
Jay: x* is a different number than x. We can’t add different numbers if we don’t know what they are. We
can add 2x + 3x like buckets without knowing what’s inside; the things we’re counting are the same.

Michael: So we get x> + 5x + 6. Hey, the 5 is from 2 + 3 and the 6 is from 2 ¢ 3. Does that always happens?

Algebraic Habits of Mind: Seeing and Describing Patterns

Research Michael’s last idea. Try different numbers. Does that pattern always happen?

Lesson 6: Squaring Variables DRAFT
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®b°b= ®3x°3x= @2y°y= @—k-- N
Multiply the middle number by itself and the two outside numbers together.

® Q) 1599

l
Ao A9l Ao

2 0o EY) 41 5

'

Here is the general pattern you discovered for these problems.
(Y\ D (Y\ n ,) Use the area model to prove that both expressions in the blue box are the same.

AND n% - | ® " 1

< : — -1

Explain how the area model shows that (n — 1)(n + 1) is the same as n* — 1.

Use an area model to multiply these expressions.
b(b+7) = (B .

® o @ (k+5)k +4)=

x(-x+y+3)=

18 DRAFT Unit 4: Area and Multiplication



Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

Use an area model to multiply these expressions.

(12 +5)(s —4) =

® @-pp-4=

@ Gw+6)(w-5)=

x+3)x+7)=

(k+8)

is the same as
(k+ 8)(k+38)

(n+6)n+7) =

(m—6)(m —5) =

(=8 (x-35)=

@ MysteryGrid 1-2-3-4 Puzzle

6, +

6, X

10, +

Lesson 6: Squaring Variables

DRAFT
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4-7 Equivalent Algebraic Expressions

Attach the matching expressions and descriptions here.

Attach the matching expressions and descriptions here.

Attach the matching expressions and descriptions here.

20 DRAFT Unit 4: Area and Multiplication



Attach the matching expressions and descriptions here.

n n n
n
Attach the matching expressions and descriptions here.
n
n
n
n

Attach the matching expressions and descriptions here.

Lesson 7: Equivalent Algebraic Expressions

DRAFT
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

@ We know that 12 « 12 is the same as (6 + 6) * (6 + 6). Use the diagram to explain why 12 ¢ 12 is the same as 36 * 4.

6

6

Use an area model to multiply these expressions.

®

(n+3)7=

®© +5)x+2)=

® Gx+10)3x+1)=

@ MysteryGrid 1-2-3-4 Puzzle

8, x 2, -
9, x 2 24, x
16, x
2

(n+3) (n+4) =

® +yp=

© (x+2)(15x+5)=

Who Am I?

» All of my digits are
divisible by 3.
* All of my digits are different.

* None of my digits are less than 2.

* My hundreds digit is greater than my
tens digit and less than my units digit.

22
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4-8 Extending the Distributive Property

Jing and Mali both did some parts of these problems wrong. Circle their mistakes, and find the correct answers.

® 3k 2
Ting: || 2] a3k - 2F Ik
3| Lk ok
3k 2
Malic ™ Skt | 4t +3bck+2 - OKT + ZT + Ik2 + (K
3k| kA oK

What is the correct product? (- + 3k)(3k +2) =

©) ng; x(x+4n+2)= Zx + 4nx + x4

X
Mah x(x+4n+2)= W= L}Y\ il ZX
What is the correct product? x(x +4n + 2) =
Use an area model to multiply.
® @+y+a(+2)= @ (m-8)2m+n-9)=
X y z
X N
2y -

Does 2(3n + 3) = 6n + 3? Show how you know.

Lesson 8: Extending the Distributive Property DRAFT



Use an area model to multiply these expressions.

(O — © -
2(a+5)= *(2p+T7)=8p+28
@ (F+72g+3)= (5+1)(z—6)=
® (c+6)2c+11)= wp+c—T7)=
@) (c+6)2c+11)= @ w2p+c-7)=
©® - S —
x| x?2 bLX y \/Z Zy
5 30 4 ‘}y 8
(x+6)(____+ H)y=x*+___ +30 (y+4)(___ + )=y’ +6y+8
@5 | Who Am 1? [ )
e [ am odd. hot u 48 30

e [ am a multiple of 5.
*t>u

* My tens digit is a perfect square.

My hundreds digit is three less than my
units digit.

v o- >

- %
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

Use an area model and to multiply these expressions.

® 20-19) =

(m—4)(n+3)=

@ -W 3
H)  MysteryGrid 1-2-3-4 Puzzle
— (-w+3)w-3)=
4, x 5 + 8, X
-3
9, x
@ X -3
) 4x(x +y-3)= o 8 x
@ 4 12, x
X’Z
- ( + ) ( + )=x>+12x+32
8 32
X4 | 4x
3x |7 Use an area model to multiply these expressions.
@ (n+3m)4n+m)=
( + ) ( + )=x*+Tx+12
(©® | WhoAmI?
h t u
* Tam odd. Q) Sf-2g+-4h+9) =
* My tens digit is a perfect
square.
e h<t<u
* My hundreds digit is one less than my
tens digit.
e h+t=u
Lesson 8: Extending the Distributive Property DRAFT 2525



Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

® If we agree that... Figure out the area of each of these shaded sections.

.:_ ~ -
ﬂ:

Use an area model to multiply these expressions.

o

G+3)G-2=

™ 3(4x+8)=

© (-27=

(@  MysteryGrid 1-2-3-4 Puzzle
24, x 3, -

1
Z

y+5)=z+5=

h|
B .

-

® N
22 36
_ ®- -
J
® | Who Am I?
h t u
e Tam odd.

* My hundreds digit is my
only even digit.

* My units digit is my largest digit.

cu=h+1

e u=23t

* The sum of my digits is 20.

26

DRAFT

Unit 4: Area and Multiplication



Unit Additional Practice Problems

Use this page to prepare for the unit exam.

Use an area model to multiply these expressions.

@ 3@-7= @ (a+2b)a+b)=
@ MysteryGrid 1-2-3 Puzzle @ 1-2-3-4 Latin Square
6, X 4, +

Z 3

2, X

1

Match the algebraic expression on the left with the area model on the right.

® 2n+6 4

®
@5” n

n 3 n 6
@ 2n+12 L3 ® 5 3

(® 2n+3 (E) none of these

Use an area model to multiply these expressions.

x-Sy +9)= @ n-3)n+7)=

Additional Practice DRAFT



Unit 5: Logic of

Algebra
3m + 26+ I+ =50
36 50
e ® ! i 3m + 9 = 3n %
9
v- e = C -

Transition to Algebra



Unit 5: Logic of Algebra

Where’s the Logic?

Algebra makes logical sense in the same way that mobiles make sense and number lines make
sense and multiplying makes sense. Now is the time to connect them all together. In this Unit,
you will revisit mobiles and you’ll see a lot of equations - it may look like materials from any
other algebra class. At every step, you can make sense of what you’re doing. You’ll find that
complicated problems can be thought of in simpler ways, and the tools you’ve been using so far

can really help you with algebra.

Lessons in this Unit:
1: Staying Balanced
: Mobiles and Algebra
: Keeping Track of Your Steps
: Ordering Instructions
: The Last Instruction
: Solving Equations

00 N N L B W N

MysteryGrid 7-8-9 Puzzle

: Solving with Squares Jou will
: Solving with Systems p“ﬂ\es \\

MysteryGriq 2-7-9 Puzzle

56, x |72, % 63, x [14, x

24, + |63, x 18, +

Algebraic Habits of Mind: Using Structure

29
e-_ &-
/167_“ +52 A
Think of a number.
Subtract it from 6.
Divide by 1.
\ )

You will see that, sometimes, algebra problems can look exactly like mobile problems, and you can use the

same strategies you used for mobiles to simplify and reorganize an equation.

Sometimes, an algebra equation looks complicated, but is really just a lot of layers of instructions, like in
Think-of-a-Number puzzles. If you can figure out what the instructions are, you can start to unravel them

until you arrive at the number in the bucket.

And sometimes, you see numbers that you recognize, but they’re mixed in with expressions that look too
complicated. You’ll learn that sometimes it’s good to leave those expressions as a complicated chunk to
deal with later, and you’ll learn how to use the numbers you recognize first.

And through these structures, you’ll start to see the logic in algebra.

Copyright © 2011 by Education Development Center, Inc. DRAFT



5-1 Staying Balanced

In each problem, the first mobile is balanced. Use it to figure out whether that means the
second mobile for sure has to balance. Circle your response and explain how you know

your answer is right.

o
@

:

If this mobile balances...

does this? YES or NO

N

/

@

:

If this mobile balances...

The only moves
allowed on @ mobile

are moves

mobile balanced.

that keep the

&

:

does this? YES or NO

Explain: Explain:

N L J
4 @ N\ [ @ )
If this mobile balances... does this? YES or NO If this mobile balances... does this? YES or NO

Explain: Explain:
N L J

Translate each mobile into algebra. Let ( =m, % =s,and § = h.

® |

Zm+s _

®

h+m+h-

Which of the following moves would keep the mobile balanced? Circle all that apply.

:

@ Add a pentagon to both sides.

right side.

Add 5 leaves to both sides.
@ Move all the pentagons to the

@ Switch the leaf and circle.
@ Add a circle to the right side.

@ Remove one pentagon from
both sides.

DRAFT
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Translate each mobile into algebra or draw the mobile for the equation provided. Explain the change from the first to the

second mobile and equation. Let ( =m, % =s,and § = h.

4 ® N [ )
I I | I
m = = = = 3,5'
How did the mobile and the equation change? How did the mobile and the equation change?
- 2N J
4 N\ [ )
Q @
| | I |
= 4h = = =
How did the mobile and the equation change? How did the mobile and the equation change?
- L J

@ This mobile balances. Translate it into an equation and circle all of the equations that must also be balanced.

m=(
s=%

@ m+4s=2m-+s+h

h=9

ds+m=s+2m+h

Discuss & Write What You Think

@ 2s+m+2s=s+m+h+m

Hint: You
should have
circled four

@ Sstm=2m+h

@ 3s=h+m

And in #8.

answers here.,

What moves are you allowed to make on a mobile or equation? What moves are you not allowed to make?

Lesson 1: Staying Balanced
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

In each problem, the first mobile is balanced. Use it to figure out whether that means the second mobile for sure has to

balance. Circle your response and explain how you know your answer is right.

4 N\ [ )
® | | | |
If this mobile balances... does this? YES or NO If this mobile balances... does this? YES or NO
Explain: Explain:

. L J

Translate each mobile into algebra or draw the mobile for the equation provided. Explain the change from the first to the

second mobile and equation in words. Let ( =m, Y =s,and § = h.

4 © N\ [ ® )
How did the mobile and the equation change? How did the mobile and the equation change?

. L J

4 ® N\ [ ® )
How did the mobile and the equation change? How did the mobile and the equation change?

. L J

4 DRAFT Unit 5: Logic of Algebra



@ Which of the following moves would keep the mobile balanced? Circle all that apply.
| @ Add 3 circles to the right side. @ Subtract a circle from both sides.

@ Add 2 clovers (*) to both sides. @ Cross out both hexagons.

Move the shapes so all 5 circles @ Subtract 3 circles from the left
are on the left side and both side.
hexagons are on the right side.

@ Which of the following moves would keep the mobile balanced? Circle all that apply.
| @ Add 4 water drops to both sides. @ Add a bucket to both sides.

@ Remove a bucket from both sides. @ Switch the leaf and the circle.

Move all the buckets to the left side @ Switch the leaf and the water
and the water drop to the right side. drop.

@ Which of the following equations also must be balanced? Circle all that apply.

| @O hts+sth=m+m+h () 2m+h=h+2s+h
(D) 2s+h=2m () 3s+2h=2m+h+s
6/ + 65 = 6m + 3h @ 3h=2m+2s  Snother hint

G:3 answers
H: 4 answers

(@ Fill in the blanks in this Think-of-a-Number Trick. L3 answers
Instructions Pictures Result Jacob Mali Kayla
Think of a number.
Add 5. i 5 ° b+65 1
Multiply by 2. 18
Subtract 4. i i eee 12

® MysteryGrid 1-2-3-4 Puzzle @ MysteryGrid 1-3-4-5 Puzzle @ MysteryGrid 2-3-7-8 Puzzle

8, X 11, + 6, + 4, + 4, - 11, - 17, + |56, x |8, +
20, x 12, + 7

12, x 4, X 2, - 18, x 14, +

3, + 15, x 1, -

Lesson 1: Staying Balanced DRAFT 5



5-2 Mobiles and Algebra

lgebra  ____
that may be performed to an a
Solve both the mobile and the equation, and check that The only steps that BEE P 5 quation balanced.
you get the same answer. equation are steps that keep
N\ [ )
@  Finde.. by using this mobile. @  Findp.. by using this mobile.
9+4c=10+c+ 11 | pt+39+p=5p+12 |
I I +
9 10
+ 39
11 ‘
12
. RN J
4 N\ [
@ Find A... by drawing and using this mobile. @ Find m... by drawing and using this mobile.
h+5+2h=13+h . | . 15+2m=2m+9+m . |
' :
. RN J

@ Which of the following would work as a first step to solving this equation (use s = ¥¢)? Circle all that apply.
| @ Subtract s from both sides.

|
i 12 Subtract 9 from both sides.

i @ Add 12 and 27 so the right side becomes 39 + s.

9

27 @ Move all the stars to the left and all the numbers to the right to get 55 = 48.
i 7}‘( @ Combine the stars on the left side to get4s + 9 =12 + 27 + .
Choose one of the first steps you circled, and use Find a friend who chose a different first step and
it as your first step to find s: compare your methods. Record their process here:

DRAFT Unit 5: Logic of Algebra



@ Which of the following would work as a first step to solving this equation? Circle all that apply.

b+ 2=2b+1b+b

Find b, too.

On the right side, turn 2b + b into 3b.
Subtract 2 from both sides.

Subtract 35 from both sides.
Combine all the b’s and all the numbers to get 8 = 18.
Subtract b from the right and add it to the left side to get 65 + 2 =25 + 16.

ONQNONONON®)

Subtract b from the left side and move it to the right to get the same number

b= of b’s on both sides: 4b +2 = 4b + 16.
Draw a mOb.
q q q ] ile
Discuss & Write What You Think IFit helps yoy, ‘
eXPIanation_

For problem 6, explain why...

choice d won’t balance: choice e won’t balance: choice f won’t balance:

Algebraic Habits of Mind: Using Tools Strategically

Mobiles are useful tools for visualizing balance. They help make sense of algebra, since solving algebra
problems always requires the equation to stay balanced.

Mobiles are not always useful, however. For instance, how would you represent -5 on a mobile? Or -x?
Or %y? Or -6.27s? You get the idea.

You can’t draw a mobile for every algebra equation. But every equation balances. And anything you do to
an equation has to keep the balance.

(" N (
@ Finds... by drawing and using this mobile. Find #... by drawing and using this mobile.
I I

10+4s=8+s+11 . . h+25+h=3h+2h+1

N AN J

Lesson 2: Mobiles and Algebra DRAFT
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

4 N\ [ N
®  Findec. by using this mobile. Find ... by using this mobile.
ct8+4c=c+13+c+13 + | + T+h~+2h=5+4h , |
7
8 13
13
- AN J
N N
@ Finds... by drawing and using this mobile. @ Find m... by drawing and using this mobile.
15+2s+5=5+2+3s . | . 8+m+31=2m+6+2m . |
- AN J
@ Which of the following would work as a first step to solving this equation? Circle all that apply.
| @ Subtract 7 from both sides. Find p, too.
‘ ‘ G) Add19+7+18=44.
19 18 Subtract 18 from both sides.
: @ Subtract a pentagon from both
7 sides.

@ Which of the following would work as a first step to solving this equation? Circle all that apply.
0+34+ 2 =0(+54 @O Add10+2=12on the left. Find d, too.

@ Subtract 3d from both sides.
Subtract 6 from both sides.

@ Subtract 2 from both sides.
d -

8 DRAFT Unit 5: Logic of Algebra




@ Fill in the blanks in this Think-of-a-Number Trick.

Instructions Pictures Result Luis

Jess

Raj

Think of a number.

Multiply by 3. L A A |

Add 5. 3b + 5 26

Multiply by 2.

Subtract 8.

20

) I am s. Where am 1?
f lamg WhereamI? / /“ I am v. Where am 1?

H—t+t+—+—+——+—+—+—+—+—+—+—

531 \
\ I am ». Where am 1? I am ¢. Where am I?

Use an area model to multiply these expressions.

@® o ®© -

54

8
o b -3b
121 + 34 = (a+3)8-b) =
® ¢ 3 © -
(c+9)(2c+3) = d+dd+y-T7) =
M)  MysteryGrid 1-2-3-4 Puzzle ~ (N)  MysteryGrid 3-4-5-6 Puzzle ~ (@)  MysteryGrid 5-6-7-8 Puzzle
6, X 12, X 11, + 36, x 1, - 3, -
16, x 3, + 4 15, x |10, + 40, x §30,x 42, x
8, x 3 18, x 30, x 35, x §48, x
5! + 20, X 56, X

Lesson 2: Mobiles and Algebra DRAFT




5-3 Keeping Track of Your Steps

@ Lena filled in a Think-of-a-Number table this way. Jay filled in the same Think-of-a-Number table this way.
Instructions Result Instructions Result
Think of a number. b Think of a number. b
Add 4. b+ 4 Add 4. b+ 4

Multiply by

3. 3b+ 12 Multiply by 3. 3 + 4

Subtract 10.

5b + Z Subtract 10. 3(b + LD - IO

Draw Lena and Jay’s bucket pictures.

Instructions Lena’s Picture Jay’s Picture

Think of a number. i

Add 4.

v
Multiply by 3. A B |

|
|
|

Subtract 10.

Thinking out Loud
Lena: I guess we got the same answer. But I like my final result better. It’s simpler!
Michael: I like Lena’s final result better, too. 356 + 2 is definitely simpler than 3(b + 4) — 10. Why did
you write it that way, Jay?
Jay: Actually, I like Lena’s final result, too. But I was trying to make my final result look like a
Think-of-a-Number trick.
Lena: What do you mean? Why doesn’t mine look like a Think-of-a-Number trick?
Jay: Well, it does... just not the one in the problem. Look at my equation. Looking at 3(b + 4) — 10,
you can see the instructions, can’t you? You can see that you start with b, then you first add 4,
then multiply by 3, and then subtract 10.
Michael: Oh, I see! And Lena took the same steps to get to her final result, but you can’t tell what those
steps were. If you just saw her final result, you could have thought the instructions were...
Pasing o Think 25043 e 200 w2 vty v

10
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Fill in the missing information on the following Think-of-a-Number tricks.

@ Instructions Result @ Instructions Result
TWY\K of a number. c Think of a number. b
2c Add 4.
2¢-3 Multiply by 3. 5( )
Multiphy by 5. s2e-3) Divide by 2. <SR
52c¢-3)+ 16 Subtract 9 from the _ 9
result. i
@ Instructions Result @ Instructions Result
«“Qubtract
) » 1d
i k Think of a number. SaOn
Think, W peaw-9.
« ct
k-2 Double that. Subtra’l’
from 9
o k-2 Subtract that result Y means
Divide by 3. 3 from 9. 9 - 9 —2w.
k-2 Multiply that by 3
3 t25 (use parentheses).
k—2
8( —5— +25) Add 8.
This mobile This mobile How many hearts How many hearts If . =38,
balances. balances, too. will make this will make this then what are
| | balance? balance? the values of
: v and 0?
§ ' -
O =
@ Instructions Result Instructions Result
m Think of a number. y
% Subtract 6.
Add 1. Multiply by 2.
Add 5.
10( % +11)
m Divide the result
IO(T+11)_1 by 3.

Lesson 3: Keeping Track of Your Steps
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.
Fill in the missing information on the following Think-of-a-Number tricks.

@ Instructions Result Instructions Result
TWNC of a number-. n Think of a number. c
9n Multiply by 14.
In+1 [4e, + 8
Multiply the result
+
409n+1) by 5.
40n+1)+2 Subtract 2 from the
result.
@ Instructions Result @ Instructions Result
d Think of a number. [4
d-2 Add 5.
. Multiply the result
Multiply by [3. by 2.
13(d-2)+6 Add 13.
13(d—-2)+6
15 Divide by 9.
@ Instructions Result @ Instructions Result
| .
Think of a number.
P Divide 20 by k’
44 theresult Divide 40 by the 40
p means the result.
o 20  result from
Divide 20 b\} the vresult. P+ {he step above  Subtract 21,
20 g()eS on the .
e 1 bottom. i\)/[ultlply the result
y 3.
20
6,541 Add 81.
(® Place these numbers on the number line below: 1.5 1.05 0.5  0.05 : 1 g B
} } !
0 1 2
12 DRAFT Unit 5: Logic of Algebra



Illustrate each problem on a number line. Then say only whether the answer will be positive or negative.

H) 551569 is @ 528-58is @ 23--18is

563
N

Mark 0 551 Don’t actually
the 0 subtract these.

® | WhoAm1? ©

e ] am even. _5a
cu=~h

* [ am greater than 200. Sa(w+8—a)=

* My hundreds digit is a
perfect square.

st=u+th
» My tens digit is twice my hundreds digit. @ MysteryGrid 2-3-4-5 Puzzle
12, X 10/ + 81 X
@ I am exactly halfway between 8.2 and 8.7. Who am 1? 10, x
i f
12 10
8.2 8.7 r X , t
20, x
@ I am exactly halfway between 2.89 and 2.9. Who am 1?

1 l
1 1

2.89 29

® @ | WhoAmI?

32 42 * I’m not an even number.

» Two of my digits are

even.
* My units digit is half my
tens digit.
 All three of my digits are different.

© P * * My hundreds digit is twice the sum of
q — C— — ) my units digit and my tens digit.

(n-3p)2n+7T1p—6)=

Lesson 3: Keeping Track of Your Steps DRAFT 13



5-4 Ordering Instructions

Arrange the steps below to create a trick that produces the final result. Fill in the table and the intermediate steps.

Add 14 Divide by 7. Multiply by 11. Subtract 5.
@ Instructions Result @ Instructions Result
Think. of a number. w Think. of a number. b
lw - 5
1Hw—5 11(b+14)-5
5 + 14 7
Divide by 8. Subtract 22. Add 13 Multiply by 9.
@ Instructions Result @ Instructions Result
Think. of a number. n Think. of a number. c
o o) 9(§-22)+13

Match each algebraic expression on the left with a set of instructions on the right.

s s I
@ w @ Think of a number. 5( % ) @ Think of a number.
Multiply by 4. Multiply by 5.
Divide by 2. Add 10.
Add 18. Divide by 6.
4n 5(a +10)
@ 2 +18 Think of a number. @ 6 Think of a number.
Multiply by 4. Add 10.
Add 18. Divide by 6.
@ 2n+ 18) Divide by 2. @ 5a . 1 Multiply by 5.
4 (© Think of a number. 6 (© Think of a number.
Add 18. Add 10.
Multiply by 4. Multiply by 5.
4(n+18) Divide by 2. @ Sa+ 10 Divide by 6.
2
@ None of the above 6 @ None of the above
o NS _J
14 DRAFT Unit 5: Logic of Algebra



For each algebraic expression, write the instructions step-by-step, in the right order.

a : N [ I
@ 102—71 ~19 6!b3—9[ @ 5(3—1061)
Think of a number, L I
We’re not
subtracting
. 10. We're . .
suptract it from 10 acting | || Mutiply it by fen. we're not
from 10. subtracting
&« 3 We're
subtracting
77777777777777777777777777777777777777777777777777777777777777777777777777777 from 3.
- - N J
Match each algebraic expression on the left with a set of instructions on the right.
4 4
@ “Ak+T7)—14 @ Think of a number. @ -8(m—3)+12 @ Think of a number.
10 Add 7. 5 Subtract 3.
Divide by 10. Multiply by -8.
Subtract 14. Add 12.
4( ’%07 14 Multiply by -4. @ =31 Divide by 5.
Think of a number. Think of a number.
Multiply by -4. Subtract 3.
@ Ak+7 4 Add 7. You cap @ 1o _8m=3) Multiply by -8.
10 Divide by 10. use B 5 Divide by 5. Use®
Subtract 14.  twice, Add 12. fwice:
i @ Think of a number. @ Think of a number.
@ 4({5+7) - 14 Divide by 10. @9 w Multiply by -8.
Add 7. Subtract 3.
Multiply by -4. Divide by 5.
Subtract 14. Add 12.
7 —4k -8(m —23)
@ 10 14 (@ None of the above @ 5 +12 (® None of the above
\_ \_
MysteryGrid 4-5-6-7 Puzzle G9 | Who Am I? hot u
28 X 30, x » All of my digits
are odd.
e h+t+u=23
24, x I35, x §42,x @9 MysteryGrid 1-2-3 Puzzle cu_h=4
6, X 18, x e teh=45
11, + §20, x
> x @) | Who Am I? v
11, + . N.or.le of my
digits are odd.
e h=2u
e t=2u
cut+t+h=10

Lesson 4: Ordering Instructions
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

For each algebraic expression, write the instructions step-by-step, in the right order.

4 N [ N [ N\
® 5(c-4)+18 4=16 130 © 3(%+9)
Think of a number. ||
e e o J
Match each algebraic expression on the left with a set of instructions on the right.
s s
@ S5w—8) , 6 @ Think of a number. N @ 11(L32 ~2) @ Think of a number. N
17 Subtract 8. 8 Multiply by 11.
Multiply by 5. Add 32.
Add 6. Divide by 8.
® 5({7-8)+6 Divide by 17. @ U +832 —2 Subtract 2.
@ Think of a number. @ Think of a number.
Divide by 17. Add 32.
w—8§ Subtract 8. 11p+32 Multiply by 11.
® 577 +0) Multiply by 5. ® =2 Divide by 8.
Add 6. Subtract 2.
Think of a number. Think of a number.
Sw-8)+6 Subtract 8. 1(Z+32)-2 Add 32.
17 8
Divide by 17. Divide by 8.
Add 6. Subtract 2.
Sw=8 ¢ Multiply by 5. @ Hp+32) , Multiply by 11.
17 @ None of the above 8 - @ None of the above
N NG J
@ Who Am I? @ MysteryGrid 4-5-6 Puzzle @ MysteryGrid 1-2-3 Puzzle
+ My tens digit is odd. t u 24, x 15, + 10, +
e [ am a multiple of 7.
st l=u 20, x 18, x
* u is not less than 7.
30, x
16 DRAFT Unit 5: Logic of Algebra



For each algebraic expression, write the instructions step-by-step, in the right order.

a : N ()
5- 19
@ T6,z +4 ® ) () -46-h)+15

Think. of a numbey.

""""""""""""""" We're Mot |~ T ere ot
subtracting Subttactm%
. We’re .
.............................. 2ubtract'mg MUH’IP| e S
from 5.

Divide 11 by~ We're no
the result. dividing

\ \ by19. )\ Y.

Fill in the blanks on the number line illustrations and solve.

@ 123-8.6= @ 45.1-17.8=

8 0.3 Z 10 5 0l

YN N NN
45 45|

A

A
\
A
\

@ MysteryGrid 1-2-3-4-5 Puzzle
- 40, x 12, x 3, +
20, x 10, x
(Ty=9)(6-y)=
6, X 8, x
X_Z 8)( 1, - 9, +
3x | 24 8, +

(_ +_ )(___+_ )=x+11x+24

Lesson 4: Ordering Instructions DRAFT



5

-5 The Last Instruction

These Think-of-a-Number puzzles have seen better days! Can you still fill in the LAST instruction?

®

Instructions

Result

©)

Instructions Result

Think of a numbey-.

d

Think of a numbey-.

Write the LAST instruction of each Think-of-a-Number trick. Use the words “the result” to refer to the rest of the
expression.

4x+3
@ 11

B 8-3h
@ 209r-4)-6
® 3+50-1)

@ Make up an expression with the
variable n and with at least 4 different
numbers, where the LAST instruction
would be “Add 23 to the result.”

Check yoyr
answers
Wwith your
classmates.

@ 9(m+2)

Who Am 1?
e t+u=10
* My tens digit is four more
than my units digit.

Who Am 1?
* My tens digit is 3 less than

my units digit.
cutt=7

18
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Match each algebraic expression on the left with a set of instructions on the right.

/ 8—a
@ a-8
@ a+8
@ a<s8
@9 8<a

®
©
O,
®

8 less than a

8 more than a

a is less than 8

a less than 8

8 is less than a

-
A @ 7-»

@ (7-by
@ r-7

@ b-7y7

@ Subtract 7 from b
and then square the
result.

Square b, then

subtract 7.

@ Square b, then
subtract the result
from 7.

@ Subtract b from
7, then square the

_

from 10.

AN

\_ AN result. )
[ [, 24
@ 2n—10 @ Subtract n from 10. —= @ Divide 24 by d,
d+5 then add 5 to the
result.
@ n—10 Subtract 10 from n. @ 24, 5 Divide d by 24
d then add 5 to the
@) 10-2n (© Subtract 10 from J result.
twice n. 24 T3 @ Add 5 to d, then
divide by 24.
10 —n (@ Subtract 10 twice J
+5
from 7. (E) 24 ®) Add 5 to d, then
@ n-20 (E) Subtract twice n divide 24 by the

result. j

Write an algebraic expression to match each sentence, using » for the unknown number.

Four less than twice
some number 7.

@ Subtract 3 from half
some number 7.

@ Sovann’s age is twice that of his sister.

Four minus twice
some number 7.

Algebraic Habits of Mind:
Communicating Clearly

The details of language are
One less than the square
of some number 7.

important because talking about
math will also help you think
about and make sense of math.

Discuss & Write What You Think

If Sovann is 16, how old is his sister?

Wait a second. Did you get the same answer or different
answers for problems 38 and 39? Which is it? Convince a
skeptic.

@ Pengfei’s age is twice that of his brother.
If his brother is 16, then how old is Pengfei?

Lesson 5: The Last Instruction
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

Write the LAST instruction of each Think-of-a-Number trick. Use the words “the result” to refer to the rest of the

expression.

7t4 . 6 Divide 40 by the veault.

What are you
dividing by?

5+3(y—4)
® 11

Match each algebraic expression on the left with a set of instructions on the right.

K@ 2(5-b)
® 2b-5
© (-bp
™ 5-2b

®™ 2(-5)
\

@ Subtract 25 from 5.
@ Subtract 5 from 2.

Subtract 5 from b,
then double the result.

@ Subtract b from 5,
then double the result.

(v) Subtract b from 5,

® 5h-8

then square the result. /

Write an algebraic expression to match each sentence, using » for the unknown number.
Think of a number #, divide

it by 8, then add 2.

@ 1J§+3() @ Add 30 to y, then A
divide the result by
18 18.
— Divide y by 18,
® y+30 ® then add 30 to the
result.
@ =0 Divide 18 by ,
then add 30 to the
result.
® ¥+30 @ Add30toy, then
divide 18 by the
Y result. )

Think of a number n,

multiply it by -4, then add
12 to the result.

Think of a number #,
subtract 3 from it, then
multiply the result by -5.

20
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@ Another Balancing Act How many hearts will make this balance?

This mobile This mobile
balances. balances, too.

How many szars will make this balance?

Itk = 20, then what are the values of @ and \ &

o -
V-

@W | Who Am1? X | Who Am1?
My units digit is four more t u + My tens digit is 2 less than t u
than my tens digit. my units digit.
s u>t ct+2=u
* The product of my digits is * Neither of my digits is odd.
45. cu+t=10

Write an algebraic expression to match each sentence, using n for the unknown number.

Think of a number 7, square it, @ Think of a number n, divide 9 @ Think of a number, n, subtract
then subtract it from 10. by it, then square the result. 2 from it, then divide by 9.

[lustrate each problem on a number line. Then say only whether the answer will be positive or negative.

@ 302-31is €9 -8.03--8is 6D 2.18-23is
3] Don’tactualy

‘\ Subtract,
i —

1 > <
Mark 0 30.2
the 0
€  MysteryGrid 1-3-5-7 Puzzle ~ @  MysteryGrid 2-4-6-8 Puzzle =~ €9  MysteryGrid 1-2-3-4 Puzzle
3,x |15, + 12, x 12, + 3, - 8, X
49, x 5, + 24, x 12, + 12, x 6, X 16, x |3
15, + 2, - 6, + 6, X
5, X 3 16, X 7/ +

Lesson 5: The Last Instruction DRAFT 21



5-6 Solving Equations

Thinking out Loud

Michael: Here’s a Think-of-a-Number puzzle: Think of a number, multiply by 2, and subtract your
result from 11. I got 5. Can you figure out my original number?
Lena: Well, I like to think of it as an equation.
(Lena writes:) 11 —-2x=15

Then we solve for x.

Pausing to Think Use Lena’s equation to try to find Michael’s original number.

Jay: When I look at that equation, I don’t just focus on the x. Instead, I look at the bigger picture.
That equation is really just saying “11 minus something equals 5.” And we know that answer!

Michael: Well, 11 minus 6 is 5. How does that help?

Jay: Watch. Let me write down what we know under the equation.
Rz LL=2Ees Algebraic Habits of Mind: Chunking
11-6 =5

See? They’re almost the same thing. Looking at the bigger picture can help you

The only thing that’s different is that make sense of a complicated equation. Even if

the equation has lots of steps and numbers and

Lena: 2x is 6. Oh! I get it! 2x is 6! So I can write:
Ir=6 symbols, if you can see that
Michael: And if 2x = 6, then x must be 3. DR something el

And that was my original number! at least you know that “something” must equal 6.

Solve each equation.

@ 20-P» =2 @ 20-3p=2 _That’s ® 20-(a+10)=2
20—3py=2
What is .?
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Solve these equations. Show your process.

That’s just
16 -gy=11.
So what’s p?

@ 16-@p+1)=11

@ Think of a number, subtract 8, multiply by 6, and
add 5. Imani followed the instructions and got 29
as her final result. What number did she think of?

@ 15- =12

a+3

2+\3(p-1)'=23

@ Think of a number, multiply by 3, add 10, then
double the result. Jacob followed the instructions
and got 62 as his final result. What number did he
think of?

3h+5
5 =7

4 N N
@ Find the total weight 42
|
_ ¥=_ O=6 &=__
N ®-10 &-_ J J
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

Solve these equations. Show your process.

5+(m—2)=20

® 10-0x/=4
I =
X =
25 pt+4
© a+3 = © 6 10
a+ 3=
a=__
100
® 20-(+6)=10 ® 5, ¢-25
b -6 =
2b =
b=
10
©® 710~k +4=11 ® 8-{71=3
12
@ 1+2Bc+5)=47 @9_10_8y—3
DRAFT Unit 5: Logic of Algebra
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64 © 36

3 =

o-10 - @- b= - &=
NS
@ Place these numbers on the number line below: 0.5 0.25 0.75 l Z 3 3

Write an algebraic expression to match each sentence, using n for the unknown number.

@ Subtract a number » from 15. @ 15 minus a number 7. ® 15 less than a number n.

(@ 1am exactly halfway between 27 and 43. Who am 1?

27 43
® I am exactly halfway between -0.02 and 0.08. Who am 1?
-0.02 0.08
(®  MysteryGrid 1-2-3-4 Puzzle (@) MysteryGrid 3-6-9 Puzzle
2,- 1 12, x 18, x 15, +
24, x 1, - 54, x §15, +
12, x @
| 0f 9
6. x ‘o, 63

( + ) ( + )=a*+ 16a + 63

Lesson 6: Solving Equations
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5-7 Solving with Squares

Thinking out Loud

Michael: If n* = 36, then there are two possible numbers that n can be: either 6 or -6. But what happens
when something more complicated is squared?

Lena: I saw a problem like that the other day. It was... oh yes.
(Lena writes:) (p-5)7=36

Michael: Something is still squared, but this time it’s p — 5. But that would mean that p — 5 could be -6

or 6. How would we write that?

Algebraic Habits of Mind:

Jay: Why not with two equations? Write what you just said: X
Chunking
(Jay writes:) p—5=6 or p—5=-6
Michael: And so we get two possible answers for p. We’re chunking again! B‘g this time,
It must either be 11 or -1... So which one is it? something =36,

Lena: Both! They both work in the equation. s0 you know that “something” must

Pausing to Show that both 11 and -1 work in the equal -6 or 6!
Think equation (p — 5)* = 36.
Jay: There are two answers! Just like there are two answers for n> = 36. That makes sense. The

only two numbers that work in this equation are 11 and -1.

Solve the following. Show your steps.
2_
That’s ’ = 64.

e o _ 2 —

@ (c+3r=64 Sowh el @ p-17=49
c+3= R c+3=
¢ = R ¢=

® (10-ny=81 @ (4x+2)*=100

@ 2i(h+3)>=50 @ Think of a number, subtract 5, then square the

result. If you end up with 16, what are the only two

(l/] + 5)2 = numbers you could have started with?

h+3=_ R h+3=_
h= R h=_
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Secret Code Numbers: All the shapes represent one-digit numbers, 0 through 9.

@ What are the only two numbers that @ could
beif @ @=0°?

Consider
only the
digits 0-9.

(2 What are the numbers that § could be if

$-9- + ? Then what could * be?
@ -
-

@ What could ., *, and  be if all the shapes are
different numbers?

8-8-4
8-8-(

for all the

a problem-

What could Yy, §, and @ be if all the shapes are
different numbers?

The numbers
have 10 work

What is the only number that 4 could be if
v v-v

A4

Let’s look at two equations at once. What could

. and * be?

98-+
9 9-4

®-_
&

@ What could 9 be? Don’t try to find i (Why not?)

*-0-9

¢ W-" -

equations mn

What could §, ‘, and @ be if all the shapes are
different numbers?

6:-0-% _ vE-0 v-
e+ 0-% _ Eg-o .-
6+6+6=5% BE=-0
®- o -
@ You found several fragments of pottery—
maybe a secret code, or from a space ship or
an ancient ruin, or just from some country ¥ ragme“t A Ffagment B Fragment C
whose language you don’t know. From other
fragments, you already figured out that the “*”
and “+” and “=" mean exactly what they mean
in your language, and it turns out that the other ment D Fragme
symbols are digits, all different numbers from Frag gment £
0 through 9. But what digits?!
= A= b= = o=
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.
Solve the following. Show your steps.

@) (a+10y =144 (w— 82 =81
a+l0=_ OR a+l0=_
a=___  OR a=___
© (13-b)=25 ® @n-1)2=81
® (h-142+3=28 ® 20-(m+1y=4
('/\‘H)ZZ_ (m+[)Z:—
m+l=_ OR m+l=_
m=__ R m=_
®© 512-xp=45 @(’?%9)2:8

@ You have found these

calculations carved on a piece T e =0 -
of rock in your backyard. You S — D =

knOW that “.”, cc+aa, and 2 I + I - LD -
are exactly like our algebra T + ( — AV

and that the other symbols are ! S M

all different digits (integers M+ M O QO =

0-9). What are the digits?
M e M
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Solve the following. Show your steps!

@) 16-(c+8)r=15

® 4(10—kp-3=13

@ Fill in the blanks in this Think-of-a-Number Trick.

Instructions Result Jacob Mali Kayla
Think of a number. N
Add 6.
Multiply by 2. 24
Subtract 4. Z(ﬂ + é) -4 16 10
Fill in the blanks.
@ 13-15.6= @ 74— 63 =
2 . 2 4
I{Y\.‘/—\I I/\I/\./\I
o 0 13 4
| x| WX
- | x| 36

(m+5)@m-7-3m)=

)=x*+13x+36

4 N O I
@ B ® 50
| |
3 X
&
k ®-12 x=_ = @=__ JRS b-_ 9= O=I )
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5-8 Solving with Systems

®

30

Let ¢ stand for @ and let p stand for . .

There are many equations that you can write using the mobile.

Write two different equations:

Share your
equations
and your

solving.

- ®-__

Solve the mobile. You can use the

Write two more true equations that other classmates wrote:

equations you wrote if you would like,
but you don’t have to.

strategies for

4 \
@ Write two different equations using these two mobiles. Let p stand for ., let s stand for ¥, and let / stand for .
| Equations:
$-3 K= v-
Solve the mobiles, too.
- )
. ' . N N
@ Write two different equations using these two @ Write two different equations using this mobile.
mobiles. Let 4 stand for @ and let ¢ stand for ’ Let b stand for i and let m stand for .
I | | I >
I
19 29 &
Solve the mobiles, too. Solve the mobiles. too.
Equations: Equations:
- AN )
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@ More Mystery Numbers!

You found these calculations painted on an old piece of leather.
You know that “e” (“times”), “+” and “=" are exactly like our algebra.
You’ve also figured out that the other symbols are all different digits.

You have to look at
two qr more of thege

Cquations gt 5 time to
gure oyt anything,

C= = _______ ™= ___ R o=
: g I
@ Use the two equations to draw one or two @ Use the two equations to draw one or two
mobiles relating /2 (§) and s (¥%). mobiles relating b (i) and ¢ (@).
You may Equations: Equations:
use one _ =
use or® Zh+s=10 brc=ll
mobiles. Sn = 10 Zb+ 3e = 24
V- = w- 0-
Solve the mobiles, too. Solve the mobiles, too.
- - /
Who Am I? ® | WhoAm I? .
* ’'m odd. h * I’m odd.
s h+t+tu=3+3+3 *h+t+tu=6
* My units digit is not greater * My units digit > my tens
than my tens digit. digit.
* My hundreds digit is not less than my tens s h>t
digit. st+tu=h
e t>8 * The product of my three digits is 0.
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

® 28 Letd=4pandletm= .

| There are many equations that you can write using the mobile.

Write two different equations:

.- C-

Solve the mobile, too.

N O N
Write two different equations using these two @ Write two different equations using this mobile.
mobiles. Let 7 =¥ and let s = yk. Let b stand for i and let ¢ stand for @.
N I/ | ]
21 13 4
: v
v- w = w- ®-
Solve the mobiles, too. Solve the mobiles, too.
Equations: Equations:
\_ 2N J

@ You found this puzzle in a very od¢ algebra book.
Because it’s algebra, these letters can stand for any numbers at all.
Different letters can even stand for the same number, unless you’re told otherwise.
In this problem, no mystery number happens to be negative,
but at least one of them is greater than 10.
What can you figure out?
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Match each algebraic expression on the left with a set of instructions on the right.

e s )
@ S(m+4)-8 @ Think of a number. ) @ h—9 @ h less than 9.
3 Add 4.

Divide by 3.
Subtract 8. ® h<9 @ Subtract 9 from 4.

® 55 -39 Multiply by 5.

@ Think of a number. @ 2h—-9 9 less than twice A.
Add 4.
m Multiply by 5.

@ (3 +4)-8 Subtract 8. ™ 9-h @) 9 minus twice A.

Divide by 3.
Think of a number. 9_2h h is less than 9

® i(m3_+4) _g Multiply by 5. \® © W,
Add 4.
Divide by 3.

5 Subtract 8. @ — 8
@ m3+ 4_ 8 @ None of the above 2
\_ J —| X
© | WhoAm I? ? 12
h t u

* All of my digits are even.
* My units digit is the ( + ) ( + )=x>+17x+72
product of my tens digit

and my hundreds digit.
* My hundreds digit is less than my tens @ N N
digit.

(7b +2¢)(5c — 8b) =

(x+y+2)QCy-x)=

(®)  MysteryGrid 1-3-5-7 Puzzle ~ (T)  MysteryGrid 2-4-6-8 Puzzle ~ (U)  MysteryGrid 6-7-8-9 Puzzle

21, x |7, x 15, + 2, - 48, x 1, - 1, -

25, x 16, x I3, + 32, x 15, + |54, x 13, +
2, - 24, x 8 63, X
12, + 3, + 2, - 2, + 15, + 8
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Unit Additional Practice Problems

Use these questions to help you prepare for the Unit Assessment.

4 N 7 N
@ | | @ Find s (3%)... by drawing and using this mobile.
t 2s +10+6=2+4s . |
w
If this mobile balances... does this? YES or NO
Explain:
- AN J
@ This mobile balances. Translate it into an equation and circle all of the equations that must also be balanced.
m= ( | @ 2m+s=2s
s= % -
®3m+s=m+2s @2m=s
4m=3s ®3m=m+s
Match each algebraic expression on the left with a set of instructions on the right.
a . g I
@ 9% % -3)+7 ® Think of a number. ® y-5 (A) Subtract 5 from y.
Subtract 3.
Divide by 2.
Add 7. 5-2y 5 minus y.
G A=3)+7 Multiply by 9.
2 .
Think of a number. @ 2y-5 @ Subtract twice y
Subtract 3. from 5.
953 Multiply by 9.
@ 2 7 Add 7. @ 5-y @ 5 less than twice y.
Divide by 2. \_ /)
b3 (© Think of a number.
@ o(*5= +7) Divide by 2.
Subtract 3 Instructions Result
Multiply by 9.
Add 7. Think of a number. N
9(b-3)
> 7 (@ None of the above
. Divide by 2.
@ What could @, ‘, and <> be if all the shapes are
different numbers? Add 8.

5s-o -
. 8-0

Multiply by 10.

Subtract the result
from 15.

34
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Solve these equations. Show your process!

48 _
@ 20-(h+5)=8 1© 3, =8

@) s(p-1)+15=30 18 _

S
|
S

@ (a+57=49 @ (n- 8 =100

@) Letc =@ and let p = §.
36
Write two equations:

®- ®-_

Solve the mobile, too.

N\ J

@9 Your neighbor also found
calculations carved on pieces of
rock in his backyard. You want to
help him find out what they mean.
You know that “¢”, “+”, and
“=" are exactly like our algebra.
You’ve also figured out that the
other symbols are all different
digits (integers 0-9). Can you help
your neighbor find the digits?

Write the
3 instructions
in order.

Additional Practice DRAFT
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Transition to Algebra



Unit 6: Geography of the Coordinate Plane

Geography of the Coordinate Plane

X marks the spot! If the spot we are looking for is on a line — a highway, a railroad track, or a
number line — we can say exactly where it is with just one number. Because one number is enough to
specify any point on that line, we call a line “one-dimensional.”

If “X marks the spot” on a surface — the surface of the earth, a map, a piece of paper, or an entire
coordinate plane — we need two numbers to say where it is in the two-dimensional space. One way
of doing that uses two number lines, crossing each other at right angles. The two measurements on
those two number lines don’t need to be about “location on a map,” either. The graph can be used
to coordinate any two pieces of numeric information you have and can help you see patterns and
relationships in that information.

[ am (x, y). Where Am 1?

Lessons in this Unit: [ am halfway between (1, 3) and (3, 1)
1: Plotting Data ( > )
2: Coordinating Data A\ You wil
3: Geometric Transformations 6l so]
vV
4: Transformations with Algebra sl ik € Puzzjeg
i
5: Intuitive Graphing 41 ¢ these,
6. Where Could I Be? Solutions and Point Testing 3l
7. Graphing Relationships 21
1+
<V T 2 3 4 5 6 x>

Algebraic Habits of Mind: Using Tools

The coordinate plane is really just two number lines put together. Just like a number line, the coordinate
plane (or grid) lets you compare locations, measure distances, and tell you where things are. It is a tool
which allows you to investigate relationships between measurements on two different number lines.
Using two number lines means we need two values, or coordinates, to tell where exactly we are on the

two-dimensional coordinate plane. A
YN (.2) The horizontal
One beCOmeS th T * .. ft
D T T B e S T 1 S olen
i i ut not
B (

< —
On 2 - I 2°X always!) the

-_— € becomeg ¢, : 1t
2 1 0 1 2 € vertical axjg x-axis, and the
all ..
vertical is often

the y-axis.

Copyright © 2011 by Education Development Center, Inc. DRAFT



6-1 Plotting Data

Algebraic Habits of Mind: Communicating Clearly

Presenting information simply and compactly makes it easy to communicate. That is why the coordinate
plane can be so useful. You can pack a lot of information you draw on a graph. For example, in a graph
of armspan vs. height of students in your class, each dot (point) represents a specific person and contains

two pieces of information:
1) How tall that person was
2) What that person’s armspan was

A whole classroom’s height and armspan data can fit on a graph and communicate all the information
clearly. Also, because the result is a picture and not just a collection of numbers, you can also see

patterns in the data that would otherwise be harder to recognize.

The Where Am [? puzzles are back, in two dimensions!

Use the clues to figure out the coordinates of each mystery point. Fill in your answer,
and draw and label your solution on the coordinate plane provided.

@ [ am point A. @ I am point D.
My horizontal position is 3. A A My horizontal position is -1.
My vertical position is 4. 4T ° My vertical is -4.
(3. ) T C - )
-4
14
®@ Iam point B. < T3+ 5% (® lampointE.

My x-coordinate is -3. My horizontal position is 2.

My y-coordinate is 4. My y-coordinate is double my

( > ) T x-coordinate. (y = 2x)

4‘& «C 5 )

@ I am point C. @ [ am point G. @ [ am point F.
My x-coordinate is 2. My x-coordinate is 2. My x-coordinate is 3.
My y-coordinate has the same My y-coordinate is the negative My y-coordinate is half the value
value as my x-coordinate. (y = x) of my x-coordinate. (y = -x) of my x-coordinate. (y =%x)

C - ) C - ) C - )
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

@ One student measured her classmates’ hair length and shoe size to see if they were related. Plot this information on

the coordinate plane provided. Imani’s information has already been plotted.

A Hair Lengﬂn vs. Shoe Size

341 Imani Eva
32 4 Hair: 29 cm Hair: 29 cm
304 Shoe: 22 cm Shoe: 25 cm
281
261
2494 Hiroshi Mali
/é 221 ° Hair: 17 o Hair: 29.5 ¢m
E 20+ Shoe: 22.5 cm Shoe: 20 ¢cm
g BT
‘@ L+
é |44 Luis Carla
o8 |7 4+ Hair: 27 cm Hair: 32 cm
0+ Shoe: 26 cm Shoe: 24 cm
8 —4
.+
44 Jacob Raj
724 Hair: 21 cm Hair: 6 cm
0 +—————+———+—+—+—+—+———t>  Shoe:24em Shoe: 26.5 em
0 Z 4 6 8 1012 14 16 18 20222426 28 30
Hair length (cm) Asher Brandon
Is there relationship between shoe size and hair length? Hair: 4 cm Hair: 5 ¢cm
Shoe: 27 cm Shoe: 22 ¢cm

@ Why wouldn’t you ever see (27, 2) plotted on this graph?

Fill in the coordinates and draw and label each point.

@ I am point D. Y
My horizontal position is -2.

My vertical is 3.

C . )

@ [ am point F.
My horizontal position is -2.

My vertical is -1.

C - )

@ I am point E. I N
My x-coordinate is 3.

My y-coordinate is -3.

C - ) \]

23X @ [ am point G.
My x-coordinate is 1.

My y-coordinate is double that.

C > )




6-2 Coordinating Data

The table below shows real data from a ‘hybrid’ algebra class (half the class was online, half'in a classroom). The study
recorded how many hours students spent studying online during the whole course, and their grade at the end of it.

Number of

Student hours spent Grade (%) in A Hours Online vs. Grade Received
. algebra class 100 +
online
1 75 82
2 98 66 80 T
3 45 71 g
4 33 60 s 0T
=Y
5 8 9 b
6 50 88 T OT
O
7 71 91 20
8 25 33
9 48 80 i i | i
O 1 1 1 1 1 >
10 49 95 0 20 40 60 80 100
@ Plot the data. Number of hours spent online

@ In general, does the graph show a relationship between @ Based on this graph, what amount of time would you
amount of time studying online and grade in the course? spend online if you wanted to score higher than 80%
in the course?

Thinking out Loud

Lena: Some of these questions can be answered without drawing the graph. So why do we need it?

Michael: That sounds like something [ would ask.

Lena: I guess working with you has changed the way I think.

Michael: Well, I must have changed too, because I think I can answer your question. It’s true that the
table has the same information as the graph, but it’s hard to look at a lot of numbers at once.

Jay: Yeah. When you turn the numbers into dots on a graph, you can look at a whole bunch of them
at the same time. And you can make predictions about points that aren’t on the graph. You
can’t do that as easily with a table. Plus, a graph is a picture. I would choose a picture over a

huge stack of numbers any day!

Algebraic Habits of Mind: Seeing and Describing Patterns

In Problems 1-3 you had to figure out how the points on the graph were related. In the next set of problems,
you’ll make a graph where you already know how the dots are related, you just have have to figure out where

they are. Both of these patterns are much easier to visualize using a graph on the coordinate plane.
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@ Imagine you made a great song available for sale online 120 +
at $2 for every download. Use the table to list example

scenarios. Then plot them. —_—
100 -

Downloads | Income (§)
(@ (i =2d) %0 -
7
@ How many 2
downloads would 10 2 60 -
you need to sell to S
make $120? 22 £ 40 -
35
20 A
0

i

Income From Song Downloads

—_—

@ Would the point (61, 122) be on this graph if the grid

were large enough to plot it?

@ How about the point (82, 162)?

Discuss and Write

0 20 40 60 80 100 120

d

Number of times your song was downloaded

i is
ertical value (mcome)

s double the horiz
nloads).

The v

alway
¢ (number of dow

ontal

valu
For every one downl
dollars.

oad, you

earn ___

Could you make a million dollars from this one song? Explain how you

know.

Fill in the coordinates, and draw label each point.
@ [ am point R.
My horizontal position is 3.
My vertical position is one third

my horizontal position. (v =%x)

C - )

@ I am point D.
I have the same x-coordinate as
(3, -2) and the same

y- coordinate as (-1, 4).

[ am point T.

I have the same y-coordinate as
(-1, -2) and the same

x- coordinate as (0, 8).

C - )

-1 1 2

C - )
iaet
@ I am point Q.

I have the same y-coordinate as

3

(0, 1) and the same x- coordinate
as (-4, 1).

C > )




Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

@ The table below shows the prices and weights of six diamonds from a single retailer as of October, 2011. A one-
carat diamond weighs about the same as an ordinary small paper-clip. We can graphs the data to make help us

analyze it.
i Diamond Prices by Carats
Diamond Weight Price ($) 1200 1~ i
(Carats)
1 0.1 203 1000 1+
2 0.5 449
800 +
3 0.2 300 7
38 600 1+
4 0.85 801 s
5 0.25 520 400 +
6 1.0 1044 200 4+
How much does @ Which diamond
diamond #3 cost? weighs the most? 0 I I : : : —>
0 02 04 0.6 0.8 1.0 1.2

@ Approximately how much would you have to spend Weight in Carats

: 0 .
on a 0.6 carat diamond? ents one particular

Each point repres ' ¢
: : . : ins two pieces O
@ If you go just by cost and weight, which diamond, and conta : P
diamond is the best deal? . . about it: its weight, an
iamond is the best deal? information abou

@ Imagine you decided to do a long distance race to benefit health research. Your school agrees to donate $20 for
every mile you run. Fill in the table with some examples and plot this information on the graph.

Miles Donation A
(m) (d=20m) d
1
20 300 1+
3
& 240 +
=
=
g 180 1
<
=
2
s 120 +
=)
o]
@)
60 1+
@ If you wanted to make more than i i i i i
0 1 1 1 1 1 )
$270, how far would you have to 0 3 6 9 12 15 m
run? .
Miles run
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Additional Practice Problems

Fill in the coordinates, and plot and label each point.

@ I am point U. YA
I have the same y-coordinate as T @ I am point P.
(3, -3) and the same x-coordinate T I'am half way between (0, 0) and
as (2, 4). T 4, 4).
C . ) B T _ C - )
@ I am point L. | 4 I O e ® I am point M.
My horizontal position is -1. 21 I am half way between (-2, 0)
My vertical position is double 3l and (-2, 4).
my horizontal position. (y = 2x) 4l ( , )

C - ) \

@ Finish labeling this number line.

-18 0 12

Just like you can represent different scales on a one-dimensional number line,

you can use different scales along the axes of a coordinate plane.

@ What’s the distance between -20 and -81? @ What about between -34 and 807
f f i f f
-20 0 -30 0 80
@ How far apart are -45 and -13? @ How far apart are 91 and 413?
f i i
-40 -20 100
(@ What is the distance between -6 and 5042 (R) What is the distance between 3 and -6.1?
f f
-6 3

Additional Practice DRAFT 7



6-3 Geometric Transformations

@ Move this diagram 4 units to the right and draw it again. Record all of the points in the table, and label

them on the graph.
int points on image points after
N One PO original shape | moving 4 to the right
4 4 isa“eady |
L 23 marked. | @1 @, )
a6 whatisthe (2.3) )
T _coordinate: \
T @y ) i s
1 6, )
< —t > (4,3)
1oy 12 3 4 s 6 Tx

(5. O + 5, y)

@ Use the transformation rule (x, y) — (x, y — 4) to redraw this diagram 4 units down. Record all of the points
in the table and label them on the graph.

points on image points after
J6’ A (3, 6) original shape | moving 4 units down
s 3,6)
@25 (4,5)
34
1 2.5)
1 4=
<t—t— 111>
-321_1__123456789x
o
\J
(x, ») (x, y - )

Discuss and Write

In Problem 2, where would the shape move if the transformation had been (x, y) — (x — 4, y) instead?

Write how you know. If you want, graph it as well.

DRAFT Unit 6: Geography of the Coordinate Plane



@ Use the transformation rule (x, y) — (x + 15, y + 10) to move and redraw this graph. Record all of the points
in the table and label them on the graph.

Y A points on points after
25+ original shape transformation
204+ (10, -10)
154+ (15, -15)
104 (15, -10)
54
(30, -10)
<+t —t— —t——+—
A5 <10 -5 ] 5 10 15/20\25 30 35 40 45X
-104-
154
Make sure to ook at () (X + '6, y + )
the scale! Thig grid uses Thi
. is i
S-unit increments notation shows what happens to all of

the poi
points on the graph, not just the corners

Fill in the coordinates, and plot and label each point.

@ I am point K. 1 @ I am point J.
My horizontal position is -1.5. I am half way between (0, 0) and
(-4, 4).

C - )

My vertical position is double

my horizontal position. (y = 2x)

«C - )
@ I am point M. I\ I am point N.

My y-coordinate is 3.

My x-coordinate is -1.
y=x y=3x

C ) 1 (.

() Iam pointR. < T s (® Iam pointP.
My horizontal position is -4. ;: I am half way between (0, 0) and
My vertical position is half my N (0, -4).
horizontal position. (y = %x) ( R )

C - ) \/

Lesson 3: Geometric Transformations DRAFT 9



Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

@ Use the transformation rule (x, y) — (x — 12, y) to move and redraw this graph. Record all of the points in the table.

YA

10 4=
.
64
41
2

(12, 8)

61

points on points after
original shape transformation
(12, 8)
(14,4)
(18, 2)
(x,7) -,y

Experiment with this graph and table to find out what (x, y) — (x, y + 3) does. Note the scale on both axes.

y A
181 (x, ) (x,y+3) @ If the transformation in problem B had
15¢ been (x,y) — (x +3,y) describe or
bl (é° é> (é° OD draw what the graph would look like.
A
T (® What if the transformation had been
RS Vo e ;? x,p) — (x+3,y+3)?
4 N 4 N
® 46 ® | |
| & i t
v
If this mobile balances...  does this? YES or NO
Explain:
v=__  O=7 &=__
N ) N )
10 DRAFT Unit 6: Geography of the Coordinate Plane



Additional Practice Problems

@ Use the transformation rule (x, y) — (x — 6, y — 2) to move and redraw this graph. Record all of the points in the

table.
y A points on points after
121 original shape transformation
104~ 12,8
8 (12,8)
ST (16, 4)
64—
4 4
2 4
<+t —
6 4 2 | 2 4
“T (x, ) (x - LY - )
44
64

@ What if the previous transformation had been (x, y) — (x + 2,y + 6)?

Describe or draw what the graph would look like.

Find the coordinates. Plot and label each point.
@ [ am point L.
I have the same y-coordinate as
(-1, 2) and the same x-coordinate
as (0, 4).

C .

I am point J.
My horizontal position is -2
My vertical position is double

my horizontal position. (y = 2x)

@ I am point L.
I am half way between (-4, 4)

and (-4, -4).
C - )
@ I am point M.
I am half way between (0, -3)
and (4, 1).

C

<=
. 4 32 -
® I am point K. a1
My y-coordinate is 4. 21
(v =x) 3t
( > ) 41

IR 4>x @ I am point N.
My x-coordinate is 1.
(v =3x)
C

Additional Practice DRAFT



6-4 Transformations With Algebra

@ Apply these two different transformations to the graph below.
Fill in the table and draw the new shape.

Transformation
(xa y) - (xs 'y)

(x7 J’) (x’ 'J’)

D A -D

These two transformationg

do very different things to

‘e} graph, but each s called a
reflection.” Ask yourself why.

Transformation
(xa y) - ('xa y)

(X, y) (-X, y)

LD D

7\

54

43

34

24
« |
1 1 1 1
1 1 1 1 1 1
4 -3 2 -1 1 2
° 14

24

34

441

oy

i

For the next three questions, use the different transformation rules to fill out the tables and redraw the arrow in three

different ways.

@ &y —(@2x,2)

A

6k

5_

4 b

3L

2k

<v SRR 6%
(x, ) (2x, 2y)

. 1)

B &) — (3x,3y)

(x, ») (3x, 3y)

0. 1)

@ Which transformation made the arrow the largest? Why?

@ &) —(x,3y)

37 )
ok
sl
nl
3L
oL
X <V SRR 6%

(x, ) (x, 3y)

0. h

12
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Look at the x and y
separately here. What
happened to all the
x-values? Now look
at all the y-values.

Below is a graph of a triangle, before and after it has been transformed in three different
ways. Fill out the tables and use the graphs to discover how each triangle was transformed.

@ Transformation @ Transformation Transformation

-0 ) Ly)—-C ) xy)—-C )
A A N6

61+ 6F ¢ N

5t 5t 5L
Before

y 4} 4}
| (1,3)  3,3) | (1,3)

After 3t
Transformation - (2,2) -1

w

@y O, ) @y . ) @y . )
(1, 3) (3, 3) (I, 3y (2, )
4,y | (2, 2)

Thinking out Loud

Michael, Lena, and Jay are working on Problems 6-8.

Michael: There are actually a lot more than three points in these triangles.

Jay: What? A triangle has three points.

Michael: A triangle has three corners, Jay. It also has three sides. In these images, we transformed the
corner points and just connected them with lines, but what about the points that make up the sides?
Like (1, 1.273)?

Lena: I never really thought of it that way, but you’re right. Every point on the graph is transformed at
the same time so we could choose any one of them.

Jay: Um, except we don’t know the location of every point on the triangle, do we?

What does Jay mean by “we don’t know the location of every point on the
triangle”?

Pausing to Think

Challenge: If the transformation rule was (X, y) —
(%, »)? Would Jay’s method of transforming
corners and connecting them work?

Michael: Ugh, Jay’s right. Let’s stick to the corners!

DRAFT 13



Make this box taller, but not wider using your own transformation rule.

My transformation YN

(x, ) = ( : ) .

5, ) C L ) )
d, 1
<ttt —— >
6 5 4 3 2 -11 2 3 4 5 6%
24
34
44

@ What did you do to the x-coordinates?

Discuss and Write

What did you do to the y-coordinates?
How might you make the box wider, but not taller?

@ Explain how this transformation made the box
taller but not wider.

N
S A
8._
@ Tam pointR. T I am point A.
My x-coordinate is -6. 4 My x-coordinate is 4.
y=x 1 y=x
( ) ( )
> — — >
< 4 T e s ox
24
44
@ [ am point T. o1 @ I am point C.
y=2 My x-coordinate is -2.
My x-coordinate is -3. '8\; y=4x

C - ) C - )

14 DRAFT Unit 6: Geography of the Coordinate Plane



Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

Below is a graph, before and after it has been transformed in three different ways. Fill out the tables and use the graphs to
discover how each graph was transformed.

®EY)—=>Cx, ) ® ®xy)—>0C , ) © &y~ , )

W66
sl After
Transformation
41
3L
A (3.2)
1L Before
D S B s
X ) wn e, ) S N N G
(3, 2y | (.6 3, 2y | (3, ) .2 (,49
/@ ) - h ®  MysteryGrid 1-3-5-7 Puzzle
v- °- s
\ %
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Additional Practice Problems

@ Make this shape smaller in some way using your own transformation. Fill out the transformation and the table.

My transformation 7
P a
@H—=C ) / n g
44
(6, ) ( L ) 2
24
(-2, 3) 1
<ttt —t—t—tt>
6 5 4 3 2 - | 1 2 3 4 5 6%
24
34
44
S
\/
Find the coordinates. Plot and label each YA
point. s+
@ [ am point R. T @ [ am point A.
My x-coordinate is 6. i My x-coordinate is -7.
y=x Ni y=x
( 6 ) C 5 )
RN R
@ I am point T. 2T @ [ am point C.
y=2x 44 My x-coordinate is 2.
My x-coordinate is -4. . y=4x
C . ) C . )

Solve.
; 2- 64
That’s :
® (c-2)=64 So what’sﬁ? c? @ (r+5)2=49
™) (4+np=8l1 M) (4x+2)*=100

Additional Practice DRAFT
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6-5 Intuitive Graphing

Cut out the matching scenarios from the handout and glue them here.

Attach matching scenario(s) here.
Time

Attach matching scenario(s) here.
Time

Attach matching scenario(s) here.
Time

Attach matching scenario(s) here.
Time

Attach matching scenario(s) here.
Time

Attach matching scenario(s) here.
Time

DRAFT



@ We have looked at graphs of many different relationships. But now we’re going to look more closely... at ourselves.

Make a graph of how sleepy you feel over the course of the 24 hour day. Have fun with this and try to make it
accurate!

A

Ver

sleeP\/J

9))

) .

L Compare with
fau a classmate.
8 Talk about the
N differences.

Not sleepy
(wide
awake)
I I I I I ! >
(Zom — dam  8am  1Zpm  “pm  &pm  1Zam
Time
What time of day are you usually the sleepiest? @ Describe the graph during the times you are
How does the graph show that? asleep.
Thinking out Loud

Michael and Lena are working on Question 7.
Michael: Wait. The vertical axis doesn’t have numbers, just words. “Very sleepy” is not a number.
Lena: Maybe it’s not a number, but it’s an amount. We don’t know what “very sleepy” means, but we know
it’s more than “not very sleepy,” right?

Michael: (Yawns) Right!
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

@ Choose the best graph to fit the following scenario:

“When they moved in, the apple tree was only one foot tall, but it grew more each year.”

® ©) ®

= = =
=y .o0 =Y
o o o
T T an)
Time Time Time

Which axis is for the number of shrubs and which is for time? Label each axis on the graph you picked.

Sketch your own graph to illustrate these scenarios:

@ “The train was going very fast and had to slow down @ “Once the sun went down, the temperature started
to go around a turn, but it sped right back up again.” dropping. In the morning, when the sun rose again, it
warmed right back up..”

Speed
Temperature

Time Time

@ Choose the best scenario to match this graph:

@ “Malika filled the pitcher of water steadily until it could
hold no more.”

@ “Ben was always short, but suddenly he started growing
taller until he was 6 feet tall.”

@ “The email virus started in just a few accounts, but it was
emailed to all of their contacts, and then mailed to all of
their contacts, until thousands of accounts were infected.”

Time

@ Label the vertical axis in the previous problem to match the scenario you picked.
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Additional Practice Problems

@ During the summer, Brandon works the overnight shift, from 11pm - 7am, then he goes home to sleep. Draw what
you think his sleep graph might look like.

Ver
SIGGPV @ Compare Brandon’s sleep graph with your
own.
)]
)
D)
<=
2
N @ Brandon gets the weekends off. What might
his sleep graph look like on those days?
Not
VSYY
sleepy . .

|.Zam éclum IZIPm é];m
Time of da\/

®  MysteryGrid 1-2-3-4 Puzzle ®  MysteryGrid 2-3-5-7 Puzzle
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6-6 Where Could I Be? Solutions and Point Testing

I am point A. Where could I be?

Clue:y=x+-5

Hint: there are many, many solutions.

@ Circle the points that are solutions, and plot them on the grid if possible. Cross out all of the non-solution points.

s - 3
(45, 89) dlb (3,41 61 @

2 6,90)

A

O\ ==

“¥

Find six more solution points for
this equation. You may not be able
to plot all of them.

y=x+-5
X Y

AN AN AN AN AN AN
\» \»
~— O N N N N

The
,coofd.‘“ate
always
eq“a\s
x+ -5

@ Connecting your solution points will suggest other solution points, in between the ones you found.

List two that look like solutions, and check to see if they are.

Algebraic Habits of Mind: Seeing and Describing Patterns

If we plotted enough solution points, the result would look like a line. This is why equations like

y=x + -5 are plotted as a line. The graph shows infinitely many solution points on the coordinate plane.

DRAFT
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Circle the solution points and plot them if possible. Plot six of your own solution points and connect them.

@ y=2x-1

2,3)
(_25 , -5 1)

o N N Y W W

AN AN AN AN AN A

(3,
(30, 53)

X y

N
N N N N N N

(‘1’ _3)

(,-Y

The
JY-coordinate
alWays
equals
e

7 |

64
54
4 4
34
24

Choose points that wil] help

you ﬁnd the pattern. Usge some
negative numbers.

9
N N N N N N

1,-1)

.10

22
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

Circle the solution points and plot them if possible. Plot six of your own solution points and connect them.

® y=-x+1 A
6+
(2, 3) (40, -39) s i1
SO v L
34
X y 1
T‘(_\:ooid"“"l‘e ? 1
( > ) a\W“‘{: L. .. | | N
( ., ) o M S I S A -
14
( 2 ) 24
( 9 ) K
( ” ) 4T
54
«C L, ) T
1 i‘,‘z‘iiii‘éi;;ﬁ v
— 2 ke
y=ar W A
(-2,2) (1,2\1) 2,2) L
(8, 32) 15 5V) (-4, 6) 44
34
X y 24
14
( ’ ) <—t+—t—+—+—+ } } — >
( , ) 6 -5 4 3 2 -1 | 1 3 5 6
( 9 ) 2T
(. )
4 4=
«C . ) L
«C ., ) oL
|4
Additional Practice DRAFT 3



6-7 Graphing Relationships

Fill in the solution points for each equation, then cut and paste the matching graph from the handout.

® y=x+4

Record solution points in the table.

Attach the matching graph here.

® y=4

Record solution points in the table.

Attach the matching graph here.

@ y=2x-1

Record solution points in the table.

Attach the matching graph here.

®@ y=-3x-2

Record solution points in the table.

X -2 0

Attach the matching graph here.

24
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ThlS I.S not
® x=-3 73 ®

Record solution points in the table.

Attach the matching graph here.

Q) y=-%x+4 ®

Record solution points in the table.

Attach the matching graph here.

y=x*-3

Record solution points in the table.

X -2 0 2

Attach the matching graph here.

y=-x*+5

Record solution points in the table.

Select a value, square jt

find the Opposite of jt,
then add 5.

Attach the matching graph here.

25 DRAFT
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Additional Practice Problems

Select problems that will help you learn. Do some problems now. Do some later.

Find 5 solution points for each equation and use them to match the equations to the graphs. Use easy numbers for x.

® y=2x-1 y=3x+2
x -2 0 X -2 0
y y
Graph: Graph:
© y=13x-1 O) y =-5x+2
X 2 1 0 X -3 0
y Y
Graph: Graph
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Unit Additional Practice Problems

Use these pages to prepare for the unit exam.

R : Find the coordinates. Plot and label each point.

@ [ am point A.
My x-coordinate is -4.
My y-coordinate is 8.

C - )

@ [ am point B.
y=-x
My x-coordinate is 6.

C - )

Find 5 solution points for this equation and select the matching graph.

® y=3x—1

Graph:

Additional Practice DRAFT
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Circle the solution points and plot them if possible. Plot three of your own solution points and connect them all.

@y=-2x+2

(0,2)
(-2,2)

(1,0

(10, -18)

(_20 , —?) 8)

Use the transformation rule to fill out the tables and redraw the arrow.

® ) — (3x,2y)

@ The puppy didn’t weigh much when they brought her home, and she gained weight steadily every day.

(x, )

. 1y

(3x, 2y)

Which graph shows her weight over time since they got her?

®

-/

Time

Time

©

28

DRAFT

Unit 6: Geography of the Coordinate Plane



iN

@ Imagine you sold snacks for 50¢ each. Fill out the table

Income From Snacks Sold

and the graph to show the total fundraiser income for 120 +
different numbers of snacks sold.
Snacks Income ($) 100 1~
(s) (i= %s)
20 10 80T
2
How many snacks 40 o 60+
would you need to 50 g
sell to make $80? 2 40 4+
20 +
0 } 4 } } } —>
0 20 40 60 80 100 120 s
Number of Snacks Sold
@ Use the transformation rule (x, y) — (x, y — 3) to redraw this diagram 3 units down.
Record all of the points in the table and label them on the graph.
points on image points after
Jg A (3,6) original shape moving 3 units down
s (3,6)
T 2.5 2,5)
34
24
14
) N S e e e S S
302 1_1__123456789x
24
\J
(x, ) (X, y - 3)
Below is a graph, before and after it has been transformed.
Fill out the table and use the graph to discover how the graph was transformed.
(x5 ) — ( ’ )
I\
6+ After (x’ y) ( 5 )
sl Transformation
(4, 4) Z 2 ()
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Transition to Algebra

40

\\

\\

Transition to Algebra is an EDC project supported by the
National Science Foundation aimed at very quickly giving
students the mathematical knowledge, skill, and confidence
to succeed in a standard first year algebra class.

The familiar topic-oriented approach to mathematics is
replaced by a small number of key mathematical ideas and
ways of thinking: Algebraic Habits of Mind (puzzling,
using structure, generalizing patterns, using tools, and
communicating clearly). Conventional algebra topics are
part of the curriculum, but instead of the topics being the
focus of the lesson, they become contexts for exploring
these broadly-applicable problem-solving strategies.

Learning

E D t_r ansforms More information on this research and development
lives. project is available at ttalgebra.edc.org.






